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Abstract 

The spectral analysis of the operator Fourier truncated on the positive 
half- axis is done. 

6 Spectral theory of the Fourier operator 
truncated on the positive half-axis. 

In this section we study the truncated Fourier operator 3~£j, 

(? E x)(t) = t€E, (6.1) 

E 

in the case when the set E is the positive half-axis: E = [0, oo). The 
operator 3~£ is considered as an operator acting in the space L 2 (E) of 
all square measurable complex valued functions on E provided with 
the scalar product 



(x,y) = / x(t)y{t)dt. 



E 



The operator 3^* E adjoint to the operator Je with respect to this scalar 
product is 

(T E x)(t) = x&e-^dfi, t€E. (6.2) 
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This set E is not symmetric and bounded from below. According 
to [KaMal, Theorem 1.4], the operator 3~£, E = [0, oo), is not a normal 
operator. However we can do without Theorem 1.4. The fact that the 
operator "Je,E = [0, oo) is not normal will be evident after we study 
its spectral properties in more detail. 

1. As in the previous consideration, related to the non-truncated 
Fourier operator, (corresponding to the set E = (—00,00) ), or to 
the Fourier operator truncated on the finite symmetric interval, (cor- 
responding to the set E = (—a, a), < a < 00), also in the case when 
E = (0, 00) our reasoning is based on using some self adjoint differential 
operator C which commutes with the operator 3~£. 

The formal differential operator L which generate this operator C 

is 



The formal operator L generates the minimal operator £ m i n and the 
maximal operator £ max - 

The formal operator L describes how act the operators C m \ n and 
£max on functions from the appropriate domain of definition. 

Definition 6.1. The set A is the set of complex valued functions x(t) 
defined on the open half-axis (0, 00) and satisfying the following con- 
ditions: 

dx(t) 

1. The derivative — of the function x(t) exists at every point t 

of the interval (0, 00); 

dx(t) 

2. The function — - — is absolutely continuous on every compact 

dt 

subinterval of the interval (0, 00); 

Definition 6.2. The set A is the set of complex-valued functions x(t) 
defined on the open interval (0, 00) and satisfied the following condi- 
tions: 

1. The function x(t) belongs to the set A defined above; 

2. The support suppx of the function x(t) is a compact subset of 
the open interval (0, 00): (suppx)<s (—a, a). 

Definition 6.3. The differential operator £ max is defined as follows: 
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1. The domain of definition T>c msx of the operator £ max is: 

P£ m « = {x : x(t) € L 2 ((0,oo))n^l and (Lx)(t) € L 2 ((0,oc))}, 

(6.4a) 

where (Lx)(t) is definecS^by (16. 3p . 

2. The action of the operator £ max is: 

ForxGP £max , £ max x = Lx. (6.4b) 

T/ie operator £ max is sai<i to 6e the maximal differential operator gen- 
erated by the formal differential expression L. 

The minimal differential operator £ min is the restriction of the max- 
imal differential operator £ max on the set of functions which is some 
sense vanish at the endpoint of the interval (0,oo). The precise defi- 
nition is presented below. 

Definition 6.4. The operator £ min is the closure^of the operator £: 

= clos(£) , (6.5a) 
where the operator £ is the restriction of the operator £ max .' 

£ C £max, £ = £ max | , Vz=V f]A. (6.5b) 

By ( , ) we denote the standard scalar product in L 2 ((0, oo)): 

oo 

For u, v G L 2 ((0,oo)), (u,v) = J u(t)v(t) dt . 



The properties of the operators £ min and £ max : 
1. The operator £ mia is symmetric: 

(£ m in x > V) = ( x > C m in y) > Vx, y G P £m . n ; (6.6) 
In other words, the operator £ min is contained in its adjoint: 

£ . C (£ . )* ■ 

mm — V mm/ ' 

1 Since x € A, the expression (Lx)(t) is well defined. 
2 Since the operator £ is symmetric, it is closable. 
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2. The operators £ min and £ max are mutually adjoint: 

(£)* = (£ mi J* = £ max , (A.J* = £ min ; (6-7) 

The fact that (£)* = £ max is a very general fact related to ordinary 
differential operators, regular or singular, of finite or infinite interval. 

Let as calculate the deficiency indices of the symmetric operator 
£ min . In view of (|6,7p . we have to investigate the dimension of the space 
of solutions of the equation £ max x = Ax for A from the upper half plane 
and for A from the lower half plane. The equation £ max x = Ax is the 
differential equation of the form 



d f t 2<lx{t)\ 
dt V dt 



t z —^j=\x(t), 0<i<oo. (6.8) 



We are interested in solutions of this equation which belong to L 2 (0, oo). 

The equation (|6.8p can be solved explicitly. Seeking its solution on 
the form x(t) = t a , we come to the equation 

a(a + 1) + A = 0. 

The roots of this equation are 



These roots are different if A ^ j. Thus if A 7^ \ , the general solution 
of the differential equation (|6,8p is of the form 



x(t) = cit ai + c 2 t a2 , (6.10) 

where c±, C2 are arbitrary constants. If A = 4, the general solution of 
(|6.8|) is of the form 

x(t) = dt 1/2 + c 2 t 1/2 lnt. (6.11) 

However the function x(t) of the form (|6,10p (or (|6.1ip ) belongs to 
L 2 ((0,oo)) only if x(t) = 0. Thus, the following result is proved 

Lemma 6.1. Whatever A G C is, the differential equation (|6.8|) has 
no solutions x(t) ^ belonging to L 2 ((0,oo)). 

In particular, taking A = i and A = —i, we see that the deficiency 
indices n + and n_ of the symmetric operator £ min are equal to zero. 
Applying the von Neumann criterion of the selfadjointness, we obtain 
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Lemma 6.2. The differential operator £ min is self-adjoint. 
In other words, we prove that C . = C 

' mi 11 max 

Notation 6.1. From now till the end this paper we use the notation 



C for the operator £ min = £ max : 

C = C . =C (6.12) 

mm max V / 

Since C = £ min , 

£ = clos£. (6.13) 

Since C = £ max , 

V c = {x: x £ An L 2 (0, oo), Lx G L 2 (0, oo)} . (6.14) 



Theorem 6.1. The (selfadjoint) operator C commutes with the trun- 
cated Fourier operator He, E = (0, oo) as well as with the adjoint 
operator H* E : 

1. If x & V c , then J E x G V c , % x £ V C - 

2. 3 E £x = £3- E x, T E Cx = £T E x, Vx£V c . (6.15) 

3. If £ (A) is the spectral projector for the operator C corresponding 
to a Borelian subset A of the real axis, then 

3 E £(A) = £(A)$ E , 3 E £(A) = £(A)3 E VA. (6.16) 

Proof. The proof is based on Lemma 2.3 and Theorem 2.4 from |KaMa2j . 
Let x G T>£ . Then the function 1e x is the Fourier transform of a 
summable finite function, hence 3^e x G A. Since 3~£;L 2 ((0, oo)) C 
L 2 ((0,oo)), and x G L 2 ((0,oo)), Lx G L 2 ((0,oo)), then 3 E x G L 2 ((0,oo)), 
1 E Lx G L 2 ((0,oo)). Thus, 

3eV l C V c (6.17) 

Since the support of the function x(t) is a compact subset of the 
open interval (0, oo), the condition (2.43) is satisfied. According to 
Theorem 2.4 from |KaMa2j, the equality 

J E C x = CJ E x, \/x^V t . (6.18) 

holds. 

Let x G T>c now. In view of (|6.13p , there exists a sequence x n G T>£ 
such that x n — > x, Cx n — > Cx as n — > oo. (The convergence is the 
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strong convergence, that is the convergence in L 2 ((0,oo)).) According 
to (|6.18p . for every n the equality 



H E Cx n = CH E x n (6.19) 

holds. The operator He is continuous. Terefore 3ji„ —> He x, and 
3~E Cx n —7- He Cx as n — > oo. Now from (|6.19p it follows that there 
exists limit of the sequence C(HEX n ). Since the operator C is closed, 
then He x 6 T>c, an d HeCx = CHex. The inclusion He x £ T>c and 
the equality H^C x = CH E x can be established analogously. 

Since the operator C is selfadjoint, its spectrum is real. In particu- 
lar, for every non-real number z, the operator C — zl is invertible, and 
its inverse operator (C — zl)^ 1 is bounded and defined everywhere. 
Taking x = (C — zl)~ 1 y in (|6.15p . where y is an arbitrary vector, we 
obtain that 

{C- zI)- 1 F E = F E {C- ziy 1 Vz: Rez/0. (6.20) 
The equality (I6.16P is a consequence of (I6.20p . □ 

2. Let as investigate the spectral structure of the operator C. We shall 
see that the properties of the operator C corresponding to the case 
E = (0, oo) differs from the properties of the operators C correspond- 
ing to the cases E = (—00,00) and E = (—a, a), < a < 00. The 
spectrum of the differential operator C corresponding to E = (0, 00) 
is continuous and of multiplicity two, whereas the spectra of the dif- 
ferential operators C corresponding to the cases E = (—00,00) and 
E = (—a, a) are discrete and of multiplicity one. 

Fortunately, the spectral analysis of the operator C can be reduced 
to the spectral analysis of the operator — 4^ in L 2 ((— 00, 00)). Chang- 
ing variables 

t = e s , -00 < s < 00, y(s) = e s/2 x(e s ) , (6.21) 
we reduce the equation (|6,8p to the form 



d 2 y(s) 1 , , , . , , 

- -^r- + -^y(s) = Xy(s), -oo<s<oo. (6.22) 

The correspondence 

y = Ux, where y(s) = e s/2 x{e s ) , (6.23) 
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is an unitary operator from L 2 ((0, oo), dt) onto L 2 ((— 00,00), ds): 

00 00 

J \x(t)\ 2 dt = J \y(s)\ 2 ds. (6.24) 

-00 

The operator C is unitarily equivalent to the operator T + 

C = U~ 1 {r+-I^U, (6.25) 

where 

(Ty)(s) = -t^L (6.26) 

is the differential operator in L 2 (— 00,00) defined on the "natural" 
domain. The spectral structure of the operator T is well known. Its 
spectrum a-j is absolutely continuous of multiplicity two and fills the 
positive half-axis: 07- = [0, 00) . The (generalized) eigenfunctions of 
the operator T corresponding to the point p £ (0, 00) are 

e+(s,(i) = e^ s , e_{s,p) = e~ ifis , -00 < s < 00 , (6.27) 

where fi = p 1 / 2 > . Changing variable in the expressions (|6.27p for 
eigenfunctions of the operator T according to (|6,2ip . we come to the 
functions 

ifj + (t) =t~^ +itM , ^_(t)=rHf, t € (0,oo), < p < 00. (6.28) 

Both of the functions ifi+(t, p),ip-(t, p) are eigenfunctions of the oper- 
ator C corresponding to the same eigenvalue \{p), 

\(p) = p 2 + 1/4, 0< / u<oo. (6.29) 

Ci/} + (t,/i) = Xi/j)i/} + (t,n), C^(t,p) = X{p)^{t,p). (6.30) 

In view of (|6,25p . the spectral properties of the operator T can be 
reformulated as the spectral properties of the operator C. Reindex- 
ing the spectral parameter p in such a manner that the value of the 
parameter to be coincide with the eigenvalue, we come to the functions 

ip + (t,X) = ^(t,p(X)), p_(i,A)=^_fo/z(A)). (6.31) 

where 



p = p(\) = 




p>0, l/4<A<oo. (6.32) 



7 



C(p+(t, A) = Xtp+(t, A), &P2- = A<p_(t,A) , 1/4 < A < oo. (6.33) 



In what follow we work mainly with the system 



{tp+(t,fi),ip-{t,n)} 



AtS(0,oo) 



of "non-reindexed" 



eigenfunctions, but not with the system 



{<p + (ib,\),<p-(t,\)} 



Ae(l/4,oo) 



of "reindexed" eigenfunctions. The reindexing procedure is useful if 
we would like to feet the eigenfunctions to the operator £ in a most 
natural way. However, the operator C plays the heuristic role only. 
What we actually need these are eigenfunctions of C but not C itself. 

The spectrum (7c of the operator C is absolutely continuous of mul- 
tiplicity two and fills of the semi-infinite interval: <j£ = [j,oo). To the 
point A 6 (\,oo) of the spectrum of the operator £ corresponds the 
two-dimensional "generalized eigenspace" generated by the 'general- 
ized" eigenfunctions ip+(t, /u(A)), ip-(t, //(A)), n(X) is defined in (I6.32p . 

Given // G (0,oo), the "eigenfunctions" ip+(t, fj,), ip-(t, fj,) do not 
belong to the space L 2 ((0,oo), dt), but almost belong. Their averages 
with respect to the spectral parameter 



over an arbitrary small interval (fi — e, (J, + e) C (0, oo) already be- 
longs to L 2 ((0,oo), dt). These eigenfunctions satisfy the generalized 
11 orthogonality relations " : 



fJ.+£ 



2e 



1 




to sin(elnt) 
elut 



oo 








oo 








oo 



ip-(t,fi{)ip-.(t,fi2)dt = 2ttS(/j,i - n 2 ) 







V/xi,/i2 > 0, where 5 is the Dirac 5-function. 



(6.34) 
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The integrals in (|6.34p diverge, so the relations (|6.34|) are nonsense if 
they are understood literally. Nevertheless the equalities (|6.34p can be 
provide with a meaning in the sense of distributions. 

However we prefer to stay on the 'classical' point of view, and to to 
formulate the 'orthogonality properties' of the 'eigenf unctions' ip±(t, A) 
in the language of the L 2 -theory of the Fourier integrals. 



Notation. In what follows we use the matrix notation, matrix lan- 
guage, and matrix operations. We organize the pair ip+(t, fj,), i()-(t, //), 
(I6.28p . into the matrix-column 



(6.35a) 



According to the matrix algebra notation, the matrix adjoint to the 
matrix-column -0(t, /i) is the matrix-row 



r(t,») = [Mt,v) ^-(*,m)J ■ ( 6 - 35b ) 

In this notation, the orthogonality relation (I6.34p can be presented as 



il}(t,fj,i)ip*(t,fi 2 ) dt = 271-5(^1 - /j, 2 )I, 



(6.36) 



(0,oo) 



where / is the 2x2 identity matrix. 

Theorem 6.2. Given a function x(t) G L 2 ((0, oo), dt), let us define 
its "Fourier transform " with respect to the "orthogonal system " ()6.28D 
as the function^ x(/x) = [af + (/i) : 



x{p) 



x(t)ip* (t, fi) dt , fj, £ (0, oo) . 



(6.37) 



(0,oo ) 



Then 



1. The functions x(fx) belong to L 2 ((0, oo), dfi)(BL 2 ((0, oo), dfi), and 
the Parseval identity holds: 

\x(t)\ 2 dt= [ x{fj,)x*(ti)ir- (6.38) 

J 27T 

(0,oo) (0,oo) 



1 The values x(n) are 1x2 vector-rows. 
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2. The function x(t) can be recovered from its "Fourier transform" 
x(fj,) as the "inverse Fourier transform": 

x(t)= f x(ti)ij>(t,ii)^. (6.39) 
(0,00) 

3. Given a preassigned 1x2 row-function x(fi) which is square 

summable on (0,oo): J x(/j,)x* (fi)^ < 00, there exists the 

(0,00) 

function x(t) 6 L 2 ((0,oo), dt) whose "Fourier transform" x(fx) 
coincide with x(n): 

£0) = x(n) . 

This function x(t) can be constructed from x(fi) by the "inverse 
Fourier transform" : 

x(t)= f *0u)V(^)^- (6.40) 

M6(0,oo) 

4. A function x(t) £ L 2 ((0, 00), dt) belongs to the domain of defini- 
tion T>£ of the operator C, (I6.12p . if and only if the condition 

f \(rfx^)x*(^<oc (6.41) 
(0,00) 

is satisfied. 

5. If x(t) € T>c, then the "Fourier transform" x(/j.) of x(t), defined 
by (|6.37p . are related with the "Fourier transform" (Cx)(fi) of 
the function (Cx)(t): 



{Cx){p) = J(Cx)(tW(t,,)dt, (6.42) 


by the equalitity 

0Cx)M=A(m)£(m). (6-43) 

In other words, if the expansion of the function x(t) is the form 
(|6.39p . then the expansion of the function (Cx)(t) is of the form 

(Cx)(t)= f A0i)x(M)V(*,M)^- (6.44) 

/iS(0,oo) 
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6. If z is an arbitrary non-real number, then the resolvent (C — zI) 1 
of the operator C is expressible as 

(c - zirHt) = J jg^r z *M W> aO ^ • (6-45) 

A*e(0,oo) 

7. The spectral projector 5(A) for the operator C corresponding to 
a Borelian subset A of the real axis is expressible as 

(£(A)x)(t) = j XA(A(//))£(/i)^)^, (6.46) 

At6(0,oo) 

where XA (A) = 1 if X G A, XA (A) = if X A. 

Remark 6.1. The transformation f)6.3T[) / x(i) — )■ £(/u) zs defined like 
it is usually made in the L 2 - theory of Fourier integral. This trans- 
formation is firstly defined for functions x(t) € L 2 having compact 
support in (0,oo). Such x belong to L . So the integrals in (|6.37p 
are defined in the proper sense, as Lebesgue integrals. Moreover the 
Parseval equality (|6.38p holds for such x(t). Thus the transformation 
(I6.37P : x(t) — > x([i) is an isometric transformation from L 2 {dt) into 
L 2 (dn) which is well defined on the set of x dense in L 2 {dt). Then this 
isometric transformation is extended from this set to the whole L 2 (dt) 
by the continuity. The inverse transformation ([6.401) : x(fi) — > x(t), 
acting from L 2 (dfi) into L 2 (dt), is defined and considered analogously. 

Proof. 

o The assertions 1, 2 and 3 of Theorem are the main facts of the L 2 - 
theory of the Fourier integral, which are reformulated in the way suit- 
able for application to the spectral theory of the operator C. 

Given the function y{s) G L 2 {{— oo, oo), ds), its Fourier transform 
y(n) is 

M= J y(s)e-^ s ds. 

(—00,00) 

We split the function y(fJ.) into the pair yi(fi) and ij2(p), both functions 
yi(fi) and §2 (n) are defined for [x > 0: 

MM)= / y(s)e-^ s , y-Qi)= J y(s)e^ s , ^>0. 
(—00,00) (—00,00) 

(6.47) 
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The Parseval identity and the inversion formula can by presented in 
the form 



y(s)\ 2 ds 




(6.48) 



(—00,00) 



(0,00) 



(0,00) 



and 



2/0 




(6.49) 



(0,00) 



(0,00) 



Changing variable 



x(t) = t 



/2 y{hit), fi=y/X- 1/4 



(see (flHTl) ). we present the formulas (j6~471) . (IQHj) and (lQ9j) in the 
form (|6.37p . (I6.38P and (|6.39p respectively. 

o Assertion 4 is the reformulation of the condition for the second deriva- 
tive of a function to be square summable. 

o Assertions 5 is the reformulation of the rule how to express the 
Fourier transform of the second derivative of a function in terms of the 
Fourier transform of the function itself. 

o Assertion 7 is the consequence of assertion 6. □ 

We do not present the proof of the assertions 4-7 of the theorem in 
detail. This theorem plays an heuristic role only. The only what we 
need are the expressions (I6.28P for the generalized eigenfunctions of C 
corresponding to the point //(A) of the spectrum of C. 

3. Now we obtain the representation of the truncated Fourier operator 
3 r 'e, E = (0,oo) in the form of an expansion over the eigenfunctions 
of the operator C. First we do formal calculations. Then we justify 
them. 

The operator C commutes with the operators ^e, S'ei E = [0, 00). 
(Theorem 16. ip . Let fi > 0. The "eigenspace" of the operator C cor- 
responding to the eigenvalue is two-dimensional and is generated 
by the "eigenfunctions" (|6,28p . Would be the "eigenfunctions" (|6.28p 
of the operator C "true" L 2 (dt)-functions, then the two-dimensional 
subspace generated by them will be invariant with respect to each of 
the operators Je an d "J* E . This means that for some matrix 



/++O) f-+(p) 
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which is constants with respect to t, the equality holds 

(3^+( • , //)) (t) = U+^+(t, m) + f-+il>-(t, ax), 
(SjsV- ( . , a*)) (t) = (*, M) + /— (*, A*) • 

The matrix form of these equalities is: 

(^(.,/i))(t) = F(/i)^(t,M). (6.50a) 

We show that 

(^(•,/*))(t) = ^W#,/') ) (6.50b) 
where F*(fi) is the matrix Hermitian conjugated to the matrix F((i). 
However the functions ip±(t,fj<) does not belong to L 2 (dt). So the op- 
erators 7 E-, 9~E) considered as an operator acting in L 2 (dt), are not 
applicable to the functions ^/>+(i, fJ,),t^-(t, fj,). Nevertheless we can 
consider the Fourier integrals 3^Eip±(t, A*)) ^^i^A 4 ) i* 1 some Pick- 
wick sense. Namely we interpret the expressions (9 r E'0±( • j A i ))(^) an d 
(2^±(.,M))(t) as 

R 

(W±(.,M))(*)= Hm n ^= [C 1/2±i ^ m dt, (6.51a) 

,5^+° V27T 7 



i?— >+oo 



(^±(.,Ax))(i)= Inn -1= [c 1/2±itM e-^dC, (6.51b) 

R^+oo e 

In (|6.5ip . i G (0, oo), Ai G (0,oo). It turns out that the limits in (|6.51D 
exist and are uniform if t belongs to any fixed interval separated from 
zero and infinity. (We shall see this when calculating the integrals.) 
Changing variable in (|6.51ap : £ — > £/t, and using the homogeneity 
properties of the functions ifj±(t,/j,) with respect to t, we obtain that 

(VEip+(.,ri)(t) = f-+(p)1>-(t,ti), (6.52a) 
(^_(., A t))(t) = / + _( A t)^ + (t, A i), (6.52b) 

where t G (0, oo), fi > 0, and 

/_+(a0 = hm -}= [ r 1/2+ ^e«de, (6.53a) 



R 



/+_(a0 = hm -1= / i 1 2 "V^. (6.53b) 



R— >+oo 



e 
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Changing variable in (|6.51bp : £ — > £/t, and using the homogeneity 
properties of the functions ip±(t, fj,) with respect to t, we obtain that 



M . , fx)) (t) = fx) , (6.54a) 

^_(.,Ai))(t)=7^MV+(* ) A«), (6.54b) 

where i G (0, oo), ft > 0. Let as calculate the integrals in (|6,53|) . These 
integrals can be presented as 

R 

lim f C 1/2±i ^e^ = e^f lim f f(()d(, (6.55) 

£-> + J £-S> + J 

H-H-oo e H->+oo [_j £) i fl ] 

where 

/(C) = C~ 1/2±i/i e _c ; arg ( > o for C G (0,oo) . (6.56) 

Then we 'rotate' the ray of integration from the ray (0, —zoo) to the ray 
(0, oo). The function /(C) is holomorphic in the domain C \ (— oo,0]. 
According to Cauchy integral theorem, 

J f(()d(= j /(C) d( + j /(CK + j /(C) dC, 

[-ie,iR\ [e,R] 7e 1R 

where 7 e and 7^ are the arcs —tt/2 < argz < 0, \z\ = e and \z\ 
respectively. The functions /(C) grows as lei" 1 / 2 as C G 7e, £ — > 0, and 
the length of the arc j £ decays -> 0. Therefore, / f{QdC, -> 

as £ — )■ 0. Applying Jordan lemma to the function /(C) in the quadrant 
— 7r/2 < argC < 0, we conclude that / f(C)d( — >• as i? — > 00. 

Therefore 

R +00 
lim fr 1/2±ifl e^dC = e^^ f C 1/2±i ^ d£ . 

R-^+oo £ 

The integral in the right hand side of the last formula is the Euler 
integral representing the T-function. Thus 



R 



M j £-i/2±i/* e « ^ = e i ^ T ^T( y l/2 ±ifx), -00 < fi < 00 , 

(6.57) 



£->+o 
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and 



/+-(/*) 



1 



2tt 
1 



e i 4+-r(l/2-^), 



e i f- i rr(l/2 + i/i) 



where /x = fJ,(X) is defined by (I6.32p . Thus, the matrix F 
in (|6.50p is of the form 





-fce^r(l/2-^) 



^ e W-Vr(i/2 + i/*y 





(6.58a) 
(6.58b) 



/++ /- 
/+- f- 



(6.59) 



Thus the equalities (|6.50p hold with the matrix F((i) of the form (|6.59p . 
Given x(t) € L 2 (dt), we apply the operators 3^e, 3% to the spectral 
expansion (|6,37p . (|6,39p . Applying the operators 3"£, 3* E to the linear 
combination x(fi)i()(t, fj,), we should take into account that these op- 
erators act on functions of variable t and the coefficients x{ji) of this 
linear combination do not depend on t. Therefore 



3 E (x(/i) V>( • , M)) (*) = x(M) («( • , M)) (*) , 
3^ . , /x)) (t) = (3^( • , aO) (t) • 



(6.60a) 
(6.60b) 



Carry the operator 3~£ trough the integral in (|6.39f> and using (I6.60p . 
we obtain 



%E (/i)V(t,/i)^, (r E x)(t) 



u , (fx) ip(t, n) 



/ie(o,oo) 



/Lt6(0,oo) 



2tt 
(6.61a) 



where 



^(/i) = x( M )F( M ), u^>) = x(^)F». (6.61b) 

Let us go to prove rigorously the formulas (|6.6ip expressing the 
spectral resolution of the vectors 3~e x in terms of the spectral resolu- 
tion (|6.37p of the vector x. In this proof we use the following expres- 
sions for the absolute values of the entries of the matrix F(p,): 

\f + „((x)\ = (l+e- 2 ^r 1/2 , = (l+e 2 *")- 1 /*, 0</,<oo. 

(6.62) 
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The expressions (|6.62|) are derived from (|6.58p . Since 

r(l/2 + *u)r(l/2 -iu) = — r — (6-63) 

COSh7T/X 

and the numbers T(l/2 ± ifi) are complex conjugated, then 

|r(l/2±z»| 2 = e ^ + & _^ 0<^<oo. (6.64) 

The equalities (|6.62p follows from the last formula and from (|6.58p . 
We remark that in particular 



1/V2 < < 1, I/-+0-0I < 1/V2, < m < oo . (6.65) 

If n runs over the interval [0, oo), then |/_| (/x)| increases from 2 -1 / 2 

to 1 and |/ (-(A 4 ) I decreases from 2 -1 / 2 to . In particular, 

sup |/+- (//)| = esssup|/+_(/i)| = 1. (6.66) 

/iS(0,oo) ^e(0,oo) 

From ([6758]) and (plgj) it follows that 

|/+-(/i)| 2 + |/_+(/i)| 2 = l, (6.67) 



i/ + -(m)i+i/-^)i=V 1+ ^' (6 - 68) 

thus 

l<|/+-(At)| + |/-+(M)l<V2, 0<^<oo. (6.69) 

In view of the diagonal structure (|6.59|) of the matrix F(n) and the 
estimates ([6.65p . (|6.66p for its entries, the equalities 

\\F{p)\\ < 1 V/i G (0,oo) (6.70a) 

and 



ess sup 1 1 F(//) || = 1. (6.70b) 

AtS(0,oo) 



hold. 



Theorem 6.3. Let x(t) E L 2 ((0, oo), dt), and x(fj,) be the Fourier 
transform of x, ([6.370 : 

x(p) = J x(t)ip* (t, /jj) dt , € (0, oo) . 

(0,oo) 
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Then the Fourier transforms (/x), u „ (/u) of the functions (S'e x)(t), 



?6(0,oo) £e(0,oo) 

(6.71) 

are expressed in terms of x((i) by the formula (|6.61bl) . 

TTie functions (3^E%)(t), (^e x )(^) are ex P ress ^d by the formula 
(l676Tijl : 

(3- E x)(t)= y x(/i)F(^(t 5 /i)^, 

jU6(0,oo) 

(r E x)(t)= j x (f,)F*(^(t,f,)^. 

M6(0,oo) 

Proof. We substitute the expression 

(0,00) 

for the function x, (|6.39p . into the formulas (|6.ip and (|6.2p which 
defines the truncated Fourier operator 3~e and the adjoint operator 
3 E . To curry the operators CFg, 3"^ through the integral in (|6.39p . we 
have to change the order of integration in the iterated integrals 

00 00 

(? E x)(t) = / (/ iW^A)) ^ e ^^> ( 6 - 72a ) 





00 00 



(T E x)(t) = / ( / W ^ M)) ^ e"^ d£ . (6.72b) 


Usual tool to justify the change of the order of integration is the Fubini 
theorem. However the Fubini theorem is not applicable to the iterated 
integrals (I6.72p . The function under the integral is not summable with 
respect to £. 

To curry the operators 3~£, 3* E through the integral in (|6.39p , we use 
a regularization procedure. Given e > 0, we define the regularization 
operator TZ £ : L 2 ((0,oo)) -> L 2 ((0, 00)), 

Tl e x(t) = e~ £t x(t) , Vx € L 2 ((0, 00)) . (6.73) 
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It is clear that for every x G L 2 ((0,oo)), 

\\R- e x — s||i2((o oo)) ~~ > as £ — * +0 • 

The kernel of the operator 3 E lZ e can be calculated without difficulties. 
Let x G L 2 ((0, oo)) D i 1 ((0, oo)). Then 

(^ e x)(t) = -^= | e^e-^xCOde, 
(0,00) 

{T E K e x){t) = -±= J e-^e-^xiOdt, 
(0,00) 

Substituting the expression (|6.39p for the function x(£) into the last 
formula, we present the functions (9^7^ e aj) (i) , (3g7£ £ x) (t) as the it- 
erated integrals 

(? E Tl £ x)(t) = ^= [ /" (6.74a) 



2tt ./ V 7 2tt 

(0,00) (0,00) 

(3^:r)(t) = -= Je-^-^f f xW(£,M)^W (6.74b) 
(0,00) (0,00) 

We assume firstly that the function x(/i) belongs to L 2 (d/j.) n L l {d^i). 
The Fubini theorem is applicable to each of the iterated integral (|6.74p . 
So for every fixed e > we can change the order of integration there. 
Changing the order, we obtain 

(5 r E K E x)(t) = J x(fj,)(^ E TZS(.,n))(t)dti, (6.75a) 
(0,00) 

{T E K e x){t)= J x(p)(r E K e il>{.,ii)){t)dii, (6.75b) 

(0,00) 

where 



OO 



{? E nS±(.,»))(t) = ~^f C 1/2±l ^ t+l ^dt, (6.76a) 



00 

{r E n^ ± (.,^)(t) = 4=] r v2±^ e -*(t--)^. (6.76b) 
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The integrals in (|6.76l) 


can be 


calculated explicitly: 






aO)(*) : 


= f-+(v)^-(t + A*), 


(6.77a) 




**))(*) = 




(6.77b) 


{T E K e ^ + (.. 


■ /*))(*)■ 


= f+~ip)^-{t ~ ^, fJ>), 


(6.77c) 




**))(*) = 


= - A*) , 


(6.77d) 



where /_| (//) and / [_(/i) are the same that in (|6.58p . and 

1p+(t ± ie,Ll) = (t± ie)- l ' 2+i ^ = e (-V2+^)(ln|t+i £ |±iaxg(t+i £ )) ^ 

(6.78a) 

± ie,/i) = (i ± ie)- 1/2 "^ = e (-l/2-v)(ln|t+fc|±iarg(t+fe)) _ 

(6.78b) 



Here 

< arg(t + ie) < vr/2 for t > 0, e > . (6.79) 

Formulas (|6,78p are derived similarly to formulas (I6.52p , We change 
variable: £ —> £/\t + ie|, and then rotate the ray of integration. From 
(I6T78D and <^l9\i it follows that for every t £ (0, oo), fi G (0,oo) 

|^+(t + ie,At)| < *~ 1/2 , |^-(* + < t~ 1/2 e^ /2 , (6.80a) 

hMi-ie,M)| <i~ 1/: W 2 , \iP-(t-ie,fi)\ <t~ 1/2 . (6.80b) 

Taking into account the estimates (I6,62p . we obtain from (I6.77P and 
(|6.80p the estimates 

\(J E K £ 4> ± (.^))(t)\ <t-^ 2 , (6.81a) 

\(r E n £ i;±(.,n))(t)\ <r^ 2 , (e.sib) 

which hold for every [i > 0, t > and e > 0. In particular, the expres- 
sions in the right hand sides of (|6.8ip do not depend on e. Moreover, 
from (I6.77P it follows that for every fixed fi > and t > 0, there exist 
the limits 

lim {VsK^i . , fj)) (t) = F(jj)il>(t, fi) , (6.82a) 
lim {T E K e ^( . , fi)) (t) = F* (fj,)^(t, fi) . (6.82b) 
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Using the Lebesgue dominating convergence theorem, we conclude that 
for every fixed t > 

il+o / & (l J ){3 f E'R' £ il)(.,ii))(t)dn= j x(n)(F(n)ip(t,n))d(j,, 
(0,00) (0,00) 

lim Q J x^){T E n £ ^{.^)){t)d^= J x(n)(F*(^(t^))df^. 

(0,00) (0,00) 

Involving (|6.75ap . we see that 

lim o (? E K e x)(t) = J x(ji)(F(p)^(t,ii))diM, 

(0,00) 

\im(T E n E x)(t) = / x(n)(F*(^(t,fi))dfi. 

£— >+0 J 

(0,00) 

for every fixed t > 0. From the other hand, 

lim \\(? E K £ x)(t) - CJ E x){t)\\ L 2 {dt) =0, 

lim \\{T E n £ x){t) - (r E x)(t)\\ LHdt) =0, 

Comparing the last formulas, we obtain that 



(3 r Ex)(t)= J x(jJk)F(jJk)i/)(t, fi) dp , (6.83a) 
(0,00) 

(r E x)(t)= J x(n)F*(n)t/;(t,n)d», (6.83b) 
(0,00) 

for every x(t) G L 2 (dt) for which x{fj) G L 2 (dfi)nL 1 (d/j,). Since the set 
L 2 (d/i) fl L 1 (o?/i) is dense in L 2 (dfi), the last equality can be extended 
to all x(i) G L 2 (dt). To justify such extension, one should involve the 
Parseval equality taking into account that the matrix F(fi) is bounded, 
(16321) . □ 



4. To find the spectrum and the resolvent of the operator 3~e, we need 
to develop a functional calculus related to the 'orthogonal' system 
ip{t,jj,) of eigenfunctions of the operator C. 
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Definition 6.5. Let M(/j,), 



M(fj) 



m ++ (n) m_+(/z) 
(/i) m (/x) 



< n < oo , (6.84) 



be a measurable 2x2 matrix function which is defined almost every- 
where on the half-axis < \i < oo. 

Assume that the function M(/i) is essentially bounded: 

ess sup ||M(/i)|| < oo, (6.85) 

M6(0,oo) 

where for each fj,, the expression \\M(fj,)\\ means the norm of the ma- 
trix M(jx) considered as an operator in the two-dimensional complex 
Euclidean space, and ess sup is the so-called essential supremum of a 
real-valued measurable function. 
The operator M(C), 

M(C) : L 2 ((0, oo), dt) -> L 2 ((0, oo), dt) , (6.86) 

is defined as follows. Given x(t) £ L 2 ((0, oo), dt) , then 

(M(£)z)(i) d = f J x( M )M(^(t >A1 )^, (6.87a) 

/iS(0,oo) 

where x(fjb) is expressed from x(t) by 

x(n)= J x(t)il>*(t,n)dt, n€(0,oo). (6.87b) 

(0,oo) 

Remark 6.2. The operator M(£) can be considered as an integral 
operator: 

(0,oo) 

with the kernel 

K M(L) (tt)= J r& riM(p)^(t,v). 

/i6(0,oo) 

However the kernel K M ^(£,t) may be a distribution. 
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Remark 6.3. Let us motivate the notation M{L) which appears in 
(|6.86p . The representation (|6.87p can be considered as the expansion 
of the vector x related to the resolution of identity generated by the 
operator C The operator M(L) can be considered as a function M 
of the operator L, where, in contrast with the traditional functional 
calculus for operators, M is a matrix-valued, rather than a scalar- 
valued, function. Such a definition is consistent because the multiplicity 
of the spectrum of L at the point A coincides with the dimension of the 
matrix M(/x(A)). 

Remark 6.4. Theorem 16.31 means that the truncated operator 5F 'e and 
its adjoint 3"* E can be considered as the function F(£) and F*(£) of 
the operator C respectively: 



where the 2 x 2 -matrix- function F(fi) is defined in (I6.59j) . 

Remark 6.5. In more details, the function (M(C)x)(t) is defined as 
follows. Since x[t) G L 2 (0, oo), dt), the vector-row function x(fj,), 



?E = F(£), r E = F*(£), 



(6.88) 




£6(0,oo) 



is a well defined L 2 



((0, oo), (f/i)-function, and 




/i£(0,oo) 



te(o,oo) 



The vector-row function 



m(/x) = x(fi)M(fj,) 



also is a L 2 



((0, oo), d/u)-function: 



£tS(0,oo) 




/iS(0,oo) 



Then the integral in the right hand side of the expression 




(6.89) 



/i£(0,oo) 
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determines a function m(t), which belongs to L 2 ((0, oo), dt): 

J \m(t)\ 2 dt = j m(yu)m*(/x) . 
te(o,oo) ne(o,oo) 

(See Remark ([6J])). We set 

(M(C)x){t) = m(t) . 

From the above chain of equalities and inequalities it follows that 

[ \(M(C)x)(t)\ 2 dt < (esssup ||M(/x)) 2 f \x(t)\ 2 dt. (6.90) 

J >6(0,oo) 1 J 

te(o,oo) te(o,oo) 

Theorem 6.4. Under the condition (I6.85p . £/ie operator M(C) is a 
bounded operator in the space L 2 ((0,oo), dt), and 



\\M(C)\\ = esssup ||M(/i)[| . (6.91) 

Me(0,oo) 



Proof. The estimate 



||M(£)|| < esssup ||M(/i) || 

MS(0,oo) 



of the norm ||M(£)|| from above is the inequality (|6.90p . 

Proving the inverse inequality, we assume that esssup [|M(/i)|| > 0. 

A*e(0,oo) 

We take arbitrary e, < e < 1 and fix it. According to the definition 
of the notion of essential supremum, there exists the set S, S C (0, oo), 
such that 

mes5>0 and \\M(fj,)\\ > (1 - e) esssup \\M(v)\\ V^eS. 

!/e(o,oo) 

For every [i G S, take x(/i) = [x±(fj,) ^(a 4 )] i ^(m) 7^ 0j such that 
on this vector the norm of the matrix M(fJ,) is almost attained. This 
means that if 

rh{n) = M(n)x((i), rh(fi) = [rhi(/x) « 2 (m)] > 

then 

m(M)m*(/i) > (1 - £) 2 ||M(//)|| 2 x(/i)xV) . 
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Thus, for n E S the inequality 

m(/x)m*(/i) > (1 -e) 4 (esssup||M(^)||) 2 x(/i)x*(^) (6.92) 

!^e(o,oo) 

holds. For [i S, we set = 0. Then rh(fi) = for fj, £ S and 

the inequality (|6.92p trivially holds for such /i. Thus, x{(£) ^ and 
the inequality (|6.92p holds for every /i > 0. If the functions x(t) and 
m(t) are defined from x(p) and m(/x) according to (|6.39p and (|6.89p 
respectively, then 



/ 



\m(t)\ 2 dt= I rh(n)rh* (//) — > 

27T 



te(0,oo) /jG(0,oo) 



> (1 -e) 4 (esssup||M(i/)||) / x(/i)x*(/i) 



i/e(o,oo) 



2vr 



AiS(0,oo) 



=> (l-e) 4 (esssup||M(^)||)' / \x{t)\ 2 dt . 

te(o,oo) 

Thus, for every £ > there exists such that 

\\M{C)xf > (1 — e) 4 (esssup ||M(^)||) ||x|| 2 . 
!^e(o,oo) 

Hence, the estimate of the norm 

||M(£|| > ess sup \\M(n)\\ 

M6(0,oo) 

of the norm \\M (C)\\ from below holds. □ 

Corollary 6.1. As we already mentioned, the operator 3e can be con- 
sidered as the function F{C) of the operator C (Remark 16. 4p . There- 
fore, according to Theorem 16.41 and (I6.70bp . the equality 

\\5e\\ = 1 (6.93) 

holds. 

Remark 6.6. Despite the equality (I6.93p . for every x £ L 2 (0, oo), 
||x||^2( c it) 7^ 0, the inequality 

\\3Ex\\L*(dt) < H L^dt) (6-94) 
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holds. 

The Parseval equality applied to the functions x(t) and 3~x(t) gives: 

W x \\h(dt) = f 
(0,00) 

and 

IMi><*) = / 
(0,00) 

According to (16.70p . F(fi)F* < I for every \x E (0, 00). Thus, 

x(p)F(p)F*^)x*(f,) < x^)x*(ri 

for any \i E (0, 00) such that x{jj)x*{(i) > 0. Therefore the inequality 
(ET941) holds if x ^ 0. 

The inequality (16, 94ft can also be proved by another way. 
For x(t) E L 2 ((0,oo)), its Fourier transform (non-truncated) ($x){t) 
belongs to the Hardy class H+. Therefore, the function (3~x)(i) can 
not vanish on the set of positive Lebesgue measure. In particular, 

/ |(Jx)(t)| 2 ^ > 0. Therefore 
(-00,0) 

IMIl! 2 ((0,oo)) ~~ || llE 2 ((0,oo)) = 

llll(^)ll^((-oo,oo)) - IK^x)||l 2((0jOo)) = I \(?x)(t)\ 2 dt > 0. 

(-00,0) 

Theorem 6.5. The mapping M(/jl) —> M{C) which was introduced 
in Definition 16.51 is a homomorphism of the algebra of 2 x 2-matrix 
functions M(n), which are defined on the half-axis < fx < 00 and 
bounded there, into the algebra of bounded linear operators acting in 
L 2 ((0,oo), dt): 

1. If M(fi) = I for almost every \x E (0, 00), then M{C) = 3, where 
I is the 2x2 identity matrix, and 3 is the identity operator in 
L 2 ((0,oo), dt). 

2. IfM(fi) = aiMi(fi) + a 2 M 2 {n), where a 1; a 2 E C, then M{C) = 
a 1 M 1 {£) + a 2 M 2 {£). 

3. IfM(fi) = Afi(/i) • M 2 (n), then M(C) = M 2 (C) ■ Mi(£). 

4. M*(£) = (M(£))*. 
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Proof. Statement 1 of Theorem 16.51 is a consequence of Definition E 
and of Theorem 16.21 Statement 2 (See the equality (I6.39p .) Statements 
2 and 3 are direct consequences of Definition 16.51 

Let us prove Statement 4. Given a matrix-function M(/i) and 
x(t), y(t) E L 2 (0,oo), we have to check the equality 



(M(C)x,y) = (x,M*(C)y) 



(6.95) 



Let x and y be the "Fourier transforms" of x and y with respect to 
eigenfunctions tp(t, /x) of the operator £: 



x{n)= J x(t)i(>*(t,n)dt, y(ji)= J y(t)i/>*(t,n)dt. 
te(o,oo) te(Q,oo) 

According to Definition 16.51 the Fourier transforms of the functions 
M(C)x and M*(C)y are: 

(M(Z)*)Gu) = M(p)x^), (M%C)y)( M ) = M*( M )y( M ) . 



According the Parseval identity, see (|6.38p , the equality (|6.95p is equiv- 
alent to the equality 



/xe(o,c«) 



Ai£(0,oo) 



The last equality is evident. According to the rules of the matrix 
algebra, for every 1x2 vector rows x(fj,), y(fJ.) and for every 2x2 
matrix Af(/x), the equality 



{x (M)M(/i)) y>) = (y(^)M») a 



hold. 



□ 



Remark 6.7. Using the expression (|6,59p for the matrix function F{^j) 
and the identity (16.63|) . we obtain 



F(jm)F~(jm) 



"1 

2 


COsh TTfl 












1 

2 


gTT^ 
COsh 7T^t 


-1 

2 


COsh TT/J, 












1 
2 


COsh 
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and 



1 
1 



(6.96a) 



tanh 7r/i 







(6.96b) 







tanh TTjJL 



From (I6.96ap and (|6.88p and Theorem 16.51 the equality 



3^E^E + 9" E-^*E = 3 



(6.97) 



follows, where 3 is the identity operator in L 2 (0,oo). 

Definition 6.6. Let M{jj) be a measurable 2x2 matrix function which 
is defined on the half-axis < /i < oo and is essentially bounded there, 
that the condition (|6.85p is satisfied. The matrix function M(/x) is said 
to be invertible if the matrix M(/x) is invertible for almost every \x, and 



Theorem 6.6. Let M(fi) be a measurable 2x2 matrix function, (I6.84p . 
which is defined almost everywhere on the half-axis < ji < oo and 
essentially bounded there. Let M(C) be the operator which is defined 
according to the functional calculus introduced in Definition 16.51 



1. The operator M{C) is an invertible operator in L 2 ((0, oo), dt) if 
and only if the matrix function M(p,) is invertible in the sense of 
Definition 16.61 

2. The operator M{C) is not invertible if and only if one of two 
cases, which do not exclude each other, takes place: 

a) . There exists x such that x ^ 0, but M(C)x = 0; 

b) . There exists a sequence {x n }i< n<00 such that x n but 

M(C)x n —)>0 as n — > oo. 

3. The case a), takes place if and only if there exists a set 5 n ; of 
positive measure such that the matrix M(/x) is not invertible for 
any \i G S ni . 

If there exists a set 5 n b of positive measure such that the matrix 
M(ju) is invertible for any \x G S^b, but the inverse matrix func- 
tion M _1 (//) is not essentially bounded on S^: ess sup ||M _1 (^i)|| = 



ess sup || M (/^) || < oo . 

jU£(0,oo) 



(6.98) 



Then: 



oo, then the case b). takes place. 
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Proof. If the matrix function M(p>) is invertible, then the operator 
M -1 (£) is well defined. According to Theorem 16.51 the equalities 
M(£)M- l (£) = 3 and M~ l (C)M(C) = 3 hold. Thus the operator 
M(£) is invertible, and 

(M(£))~ l = M _1 (£) . (6.99) 

Let us assume now that the matrix function M(p) is not invertible. 
Then either there exists the set S n i, mes S Q i > 0, such that the matrix 
M(/x) is not invertible for every fi £ S n {, or there exists the set S n \,, 
mes iSnb > 0, such that the matrix M(/i) is invertible for every fj, £ S n \,, 
but ess sup ||M = oo. (These two cases do not exclude each 

other.) Considering the first case, we choose and fix a set S n i for 
which mes S n { > 0. For every [i £ 5 n ; there exists the vector- row 
x([i) = [xi(//), X2(l^)] such that x(/i) 7^ 0, but x(fi)M(fjL) = 0. Set 
x{n) = for [i £" Sni. Now the row function x(/j,) is defined almost 
everywhere on (0,oo). Since the matrix function M(/j,) is measurable, 
the row function x(/i) can be chosen measurable as well. We also 
normalize x(/x) so that J x{h)x*{h)t^ = 1. The L 2 ((0,oo), dt)- 

/iS(0,oo) 

function x(t) is constructed from this x{ijl) according to (|6.40|) . Then 
||x|| = 1, but M(£)x = 0. 

Inversely, assume that for some x £ L 2 (0, oo), ||x|| 7^ 0, the equality 
M(C)x = holds. Set S no = {/i : x(fj.) 7^ 0}. Since ||x|| 7^ 0, mes S no ^> 
0. Since the row function x(fi)M([i) vanishes almost everywhere on 
(0,oo), matrix M(n) is not invertible for almost every [x £ S no . 

Considering the second case, we choose and fix a set S n t, for which 
mesSnb > 0, the function M _1 ( / u) is defined almost everywhere on 
the set Snb, but is not essentially bonded there. Then for any e > 0, 
there exists a measurable row function u(/i) on S n b such that ||it(/^)|| < 
e\\u([i)M~ l for all fi £ 5 n b and mes{fi : u(fi) 7^ 0} > 0. Denoting 
x(fi) = -u(/^)M _1 (/u), we come to the function x(n) defined on the set 
S'nb, which is not zero identically: mes{/u : x(p) 7^ 0} > 0, and for 
which the inequality 

||£( M )M( M )|| <e\\x(jM)\\ 

holds almost everywhere on the set S^b- We extend the function x{jj) 
from the set S n \> on the whole half-axis (0, 00) setting x(fi) = for 
[i £" S" n b. For the extended function x(n), the above inequality holds 
almost everywhere on (0, 00). The function x{jj) can be chosen to 



28 



be measurable. Without loss of generality we may assume that the 

function x(fi) is normalized so that f x(fj,)x*(fJL)-^ = 1. The 

M£(0,oo) 

L 2 ((0,oo), dt)- function x(t) is constructed from this x(fi) according 
to ff6739|) . For this function, \\x\\ = 1, but ||M(£)x|| < e. □ 

Theorem 6.7. 

1. The spectrum CTj E of the truncated Fourier operator He, E = 
(0, oo), considered as an operator in L 2 (0, oo), is the interval 

1 pin/A _\_ „iir/A 
" V2 e ' V2 



J_ in/A J_ Jtt/A 

V2 ' y/2 



.100) 



The spectrum of the adjoint operator J E , E = (0, oo) is the in- 



terval 



i 

V2 



g-iTT/4 1 g- 



V2' 



in I A 



l 



l 



V2 ' 



•mt/4 



.101) 



2. TTie operators $e, S^e have no eigenvalues: if for some z£C, 
either (3~£ — AJ)x = or ($* E — X3)x = 0, where x G L 2 (0, oo), 
then x = 0. 

3. If z G i/ien i/iere exists a sequence {x n }i< n<00; x n G 
L 2 (0, oo), ||x n || = 1 Vn, 6ui ||(3~£ — J)x n || — > as n — >• oo. 

4. If z G <Tg- E; i/ien f/ie image of the operator zJ — 3" is a dense 
(non-closed) subspace of the space L 2 ((0,oo)). 

5. If z g" Cg- B , the the resolvent (z'}—'Je) 1 of the operator Je can 
be presented as a matrix-function of the operator C: 



(zJ-Je)' 1 = M(C), 



3.102a) 



where 



M(p) = (zl-F{ri)- 1 . 



Lemma 6.3. The norm of an arbitrary 2x2 matrix M 
can be estimated from its entries as follows: 

\ trace (M*M) < \\M\\ 2 < trace (M*M) . 



(6.102b) 



mi2 
ni22 



r mil 

L m-21 

(6.103) 
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Assuming that det the norm of the inverse matrix M 1 can 

be estimated as follows: 

(det M)\~ 2 trace (M*M) - — < 

trace (M*M) 

< ||M _1 || 2 < | (det M) | ~ 2 trace (M* M) (6.104) 

where 

trace M* M = |mn| 2 + |mi 2 | 2 + \m 2 i\ 2 + |m 2 2| 2 • (6.105) 

Proof. Let so and s\ be singular values of the matrix M , that is 

0<si<s , (6.106) 

and the numbers Sq, sf are eigenvalues of the matrix M* M. Then 

||M||=s , \\M~ 1 \\=s{ 1 , 
trace(M*M) =sl + s\, \ det(M)| 2 = det (M*M) =*§■«?. 

Therefore the inequality (|6.103p takes the form 

lisl + sj) <s 2 < (s 2 + sl), 
and the inequality (|6. 104[) takes the form 

(s si)" 2 (s 2 + Sl 2 ) - 2 a < sf 2 < (soSi)- 2 (so 2 + ^i)- 

The last inequalities hold for arbitrary numbers so, si which satisfy 
the inequalities (|6.106p . □ 

Proof of Theorem \6. 71 The proof is based on Theorem 16.61 and the 
interpretation of the operator 3~£ as a matrix function of the operator 
C: 

?e = F(£). 

(See Remark 16.41 ) We apply Theorem 16.61 to the matrix function 
M (/i) = zl — F(ii), where the 2 x 2-matrix-function F{fj) is defined 
in (I6.59p . and z is a complex number: 



zI-F(fi) 



z ~f-+(p) 
-f+-(p) z 



(6.107) 
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where the expressions for f_\ (//), / are presented in (I6.58p . Ac- 
cording to Theorem 16.61 the invertibility of the operator zl — is 
equivalent to the condition: the matrix function zl — F(fi) is invert- 
ible for every \i E [0, oo), and the value in the right hand side of the 
following formula 

\\{zl- ^^ll = sup \\(zl - F^))' 1 ]] (6.108) 

^e[o,oo) 

is finite. If this value is finite, the formula (|6.108p gives the expression 
for the norm of the operator (zl — 'Je) 

Let D(z, fj,) be the determinant of the matrix zl — F(fi): 

D(z,n) =det(zl - F(n)) . (6.109) 

The matrix M(fj,) = zl — F(fi) is invertible if and only if if its deter- 
minant D(z,fi) is different from zero. We apply Lemma 16.31 to this 
matrix function. According to (|6,67p and (|6.105p , 

trace ((zl - F(fx))*(zl - F{p))) = 2\z\ 2 + 1 . (6.110) 

Thus, the inequalities (|6. 104|) . applied to the matrix M = zl — F(fj,)), 
take the form 

|^, M )|- 2 (2|.| 2 + 1)-^| TT < 

< \\(zl - FGu))- 1 !! 2 < \D(z,nT 2 (2\z\ 2 + 1) . (6.111) 

In particular, 

(2|z| 2 + l)( inf \D(z^)\)~ 2 - 2 < 
V /i6(0,oo) / 2\z\ z + 1 

< sup \\(zl - F(n))- l \\ 2 < (2\z\ 2 + 1) ( inf \D(z,n)\ 

/xG(0,oo) V Me(0,oo) 

(6.112) 

From (I6.107P and the identity (I6.63P it follows that 

D(z, u) = z 2 \ , z E C , < u < oo . (6.113) 

2 cosh nfj, 

i 

When fx runs over the interval [0, oo), the complex number 



2 COsh TTfl 

which appears in the right hand side of the equality f)6. 1 13|) . fill the 
interval (0, i/2]. Therefore 

inf \D(z,n)\ =dist(z 2 , [0, i/2] ) (6.114) 

^e(o,oo) 
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In particular, 



inf \D(z,n)\>0) & {z 2 ?[0,i/2]), 



or, what is the same, 



inf \D(z,n)\ > U» [z<£ 

A»e(0,oo) 



1 



3 27T/4 



1 



= i7r/4 



>vr j/- (6115) 

Thus the operator M(C) = zX — $e is invertible if and only if the 



holds. The parts of statements 1 



condition z (£ -X e i7r / 4 , 4= e i?r / 4 
and 5 related to the operator 9~£ are proved. The parts related to the 
adjoint operator 9^ can be proved analogously. 
Moreover, if z Cy^i then 



where the explicit expression the matrix (zl — F(fi))^ 1 is: 



{zI-F(riT' = D{z^y 



z 

/+-» 



.116) 



.117) 



If z 7^ belongs to the interval 



, then the determi- 



1 „«7r/4 _J_ „i7r/4 

nant D(z,n) vanishes precisely at one point fi = fi(z) G [0, 00). There- 
fore the matrix — -F(/i) is invertible for every fj, E [0, 00), fj, 7^ fJ-(z), 
in particular it is invertible almost everywhere on (0,oo). Moreover, 
|| (zl — F((i))~ 1 \\ — > 00 as n — > n(z), fx 7^ n(z). Thus, the assertions 2 
and 3 of Theorem 16.71 are consequences of Theorem 16.61 

If the image of the operator zJ — Je is not dense in L 2 ((0, 00)), then 
the number z is an eigenvalue of the adjoint operator "J E . However 
the operator 3* E has no eigenvalues. □ 

Let us estimate the growth of the resolvent (2 J — 3^e)~ 1 01 the 
operator He when z approaches the spectrum <7 y E of this operator. 
The inequality (I6.11ip . together with the equality (I6.114p . give a two- 
sided estimate for the norm of the resolvent in terms of the value 
dist(z 2 , [0,i/2]): 

{2\z\ 2 + 1) 1/2 
\\(z3 - Je)' 1 ^ < . - „ - . — , (6.118a) 



1/2 



(2|z| 2 + l) 
dist(z 2 , [0,t'/2]) 



dist(z 2 , [0,i/2]) 
< II 



2dist 2 (z 2 , [0,i/2]) 
(2kl 2 +l) 2 
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The value under the square root in (|6,118bp is positive since 



2dist 2 (z 2 , [0,i/2]) 
(2^| 2 + i) 2 



< 



2\z\ 



(2| Z | 2 + 1) 



1 



Since (1 — a) < yl — a for < a < 1, then 
2dist 2 (z 2 , [0,»/2]) 



1 



< 



1 



2dist 2 (z 2 , [0,i/2]) 

(2N 2 + i) 2 



(2N 2 + 1) 

Thus, the lower estimate for the norm of resolvent is 
2dist(z 2 , [0,i/2]) 



f2W 2 + l) 1/2 



dist(z 2 , [0,z/2]) (2|z|2 + l) 3/2 



< (zJ-3- E )" 



(6.118b) 



If the value dist(z 2 , [0,i/2]) is very small, then the lower estimate 
(|6.118bp and the upper estimates (j6.118aj) are very close. 

However we would like to estimate the norm of the resolvent 
[z] — $e)~ 1 hr terms of \z — £|, where £ is a point of the spectrum Oy E 
and z approaches £ along the normal to the interval (Jy B ■ So we have 
to relate the values dist(z 2 , [0, i/2]) and \z — £|, where £ 6 &2 E , an d 
the interval [z , C] i s orthogonal to the interval (J j E . 

Lemma 6.4. Let Q be a point of the spectrum CTy E of the operator 3"^: 



1 



71 



= i7r/4 



1 



and the point z lies on the normal to the interval 
at the point £; 

z = (±\z-(\e i37r/4 . 

Then 



(6.119) 



1 piir/A _\_ piir/4 
V2 ' V2 



dist(z 2 , [0,i/2] ) 



2|Clk-CI, 

ICI 2 + k-CI 2 l 



(6.120) 



if i*-ci<ld, 
if k-ci>K|. 

(6.121) 



Proof. The condition (|6,119p means that C = ±|C|e i7r/4 . Substituting 
this expression for £ into (|6.12Up . we obtain 



±2|cik-CI + i(ICI 2 -k-CI 2 ) 
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If \z — C| < ICI) then the point |d 2 — \z — C| 2 lies on the interval [0, i/2]. 
In this case, dist [0, i/2] = 2|d \z - C|- If |* - CI > ICI, then the point 
|C| 2 — |z — C| 2 lies on the half-axis [0, —zoo). In this case, 

dist (z 2 , [0, , i/2])) = V(ld 2 -N-C| 2 ) 2 + 4|C| 2 |z-C| 2 = 

= ici 2 + k-ci 2 . 

Since |C| 2 + \z — C| 2 > 2|C||z — CI, i n an Y case the inequality 

dist (z 2 , [0, , i/2])) > 2|C| |z - CI • (6.122) 

holds. □ 

Theorem 6.8. Let Q be a point of the spectrum <J? E of the operator 
Je, and let the point z lie on the normal to the interval Gy E at the 
point C- 
Then 

1. The resolvent (zJ — 3"s) _1 admits the estimate from above: 

IK^-g^r 1 !! <A(*)|i--l-, (6.123) 

where A{z) = W^' 2 . 

2. If moreover the condition \z — C| < |C| * s satisfied, then the resol- 
vent (z3 — S'e)" 1 also admits the estimate from below: 

• - s (*)icn* -ci < \\w - ? E r l \\ , (6.124) 

where A(z) is the same that in (|6.123p and B(z) = ^ 2 \ z \ 2 +i) 3 / 2 ' 

3. For C = 0, then the resolvent (zJ — 3"s) _1 admits the estimates 

2A(z)-^ - B(z) < \\(zJ - Je)" 1 !! < 2A(z)-^ , (6.125) 

■24 .24 

where A{z) and B(z) are the same that in (|6.123p . (|6. 124[) . and 
z is an arbitrary point of the normal. 

In particular, if C, 7^ 0, and z tends to C along the normal to the interval 
CTy E , then 

\\(z3 - JeY 1 \\ = ^ + Oil) . (6.126) 
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If £ = and z tends to £ along the normal to the interval (J j E , then 



(z3 - -J E ) 



-i 



z\- 2 + 0(l) 



(6.127) 



where 0(1) is a value which remains bounded as z tends to 

Proof. The proof is based on the estimates ([6.118|) for the resolvent 
and on Lemma [6. 4i Combining the inequality (|6.122p with the estimate 
(|6.118ap . we obtain the estimate f|6. 1 23|) . which holds for all z lying 
on the normal to the interval (7 y E at the point Q. If moreover z is 
close enough to z, namely the condition \z — £| < |£| is satisfied, then 
the equality holds in (|6.122p . Combining the equality (|6.122p with the 
estimate (|6.118bp . we obtain the estimate (|6.124p . 

The asymptotic relation (I6.126P is a consequence of the inequalities 
(16~T23|) and (l6~T24l since |A( |]^ (C)I = 0(1) as z tends to (. 

The asymptotic relation (|6.127p is a consequence of the inequalities 
(|6.118p and the equality dist (z 2 , [0 , i/2]) = \z\ 2 which holds for all 
z lying on the normal to the interval <J? E at the point £ = 0. (See 



Remark 6.8. The estimates (I6.123P and (|6.124p are formally true 
also for C = 0, but in this case they are not rich in content. 

Corollary 6.2. From the asymptotic relations (|6.126p and ([6.127P it 

follows that the operator 3~£ is not similar to a normal operator. Were 
the operator S'e similar to a normal operator N, the resolvent (zJ — 
3~e) -1 would admit the estimate \\(z3 — S"^)^ 1 ]! < C(3M") dist (z, (Jy E ), 
where C{Ji) < oo is a constant which does not depend on z. However, 
this estimate is not compatible with the asymptotic relations (|6.126p . 



Remark 6.9. The reasoning which was used in the proof of Theorem 
16.71 says that the spectrum G j E of the truncated Fourier operator 3~e 
consists of the union of eigenvalues of the matrix F(fi), where the 
union is taken over all \i £ [0, oo), and of the point z = 0. For each 
the matrix F(jjb) has two eigenvalues C+(a*) an d C-(/ Li ) : 



mrn\ for c = o.) 



□ 



(|6T2T1) . 



C+(m) = C(m), C-0*) 



C(m) 



(6.128a) 



where 



,i7r/4 



1 



(6.128b) 



\J2 cosh ix ii 
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These eigenvalues are different. When /j, runs over the interval 
[0, oo), the points C+(aO fill the interval (0 , e J7r//4 ] and the points C-i/- 1 ) 
fill the interval [— e* 71 "/ 4 , 0). Thus, the spectrum (Ty E of the operator 
3~E splits naturally into the union 

(J Se =cr+ B U(J^U{0}, (6.129) 

where 

1 



i7r/4 



cr 



J' B L v 7 ^ 



e iw/4 , 0). (6.130) 



So, ewery point £ £ (Jj- \0 can be enumerated by a double index (//, s), 
where fi 6 [0, oo), and s equals either + or — ; 

C = C«(aO, Me[0,oo), se {+,-}• (6.131) 

The correspondence between the set (J$ B \0 and i/ie above set of double 
indices is one-to-one. 

5. Let us develop an operator calculus for the truncated Fourier op- 
erator 3~£, E = (0, oo). The starting point is the representation of 
the resolvent of the operator 1e- The resolvent (z3 — 3"s) _1 of the 
operator 3~e is the integral operator with the kernel ^ ) _ 1 (^,t): 

K^ E) ^t)= J ^(^r^-FW)- 1 ^^)^ (6-132) 
te(o,oo) 

where the expression for the matrix (zl — i^/z))" 1 is presented in 
(I6.117p . (|6.113p . (The expression (|6.132p is the content of the State- 
ment 5 of Theorem 16.71 ) Let h(z) be a function which is holomorphic 



in a neighborhood of the interval 



1 p in/4 _J_ piir/4 
V2 ' V2 



. (This inter- 



val is the spectrum of the operator S'e-) According to the traditional 
functional calculus, the operator /i(3~£;) is defined as 

h(? E ) = — f h(z)(z3 - 3 E Y l dz , (6.133) 
2m J 



where T is a closed simple contour which is contained in the holo- 
morphy domain of the function h, includes the spectrum of 3~£ and is 
turned counterclockwise. Substituting the expression (|6.132|) for the 
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resolvent (zJ — J'e) 1 and changing order of integration, we obtain the 
following expression for the kernel K h ^ ^ of the operator h(3 E ))'- 



K h{ljE)) = J m ri*h(F(v))iP(t, n) ^ , (6.134) 

£ig(0,oo) 

h{1 E )x{t)= J x(OK h( ^,t)d^, (6.135) 



?6(0,oo) 

where for every \i 6 (0,oo), 



h(F(jj)) = ^~f Hz)(zl - F{y))- X dz , (6.136) 
r 

and F(fj) is the matrix which appears in fj6.59j) . The integral in (16.136P 
can be calculated using the expression (|6.117p . (|6.113p for the matrix 
function (zl — F(/i)) _1 . 
According to (I6.113|) . 

D(z, ii) = (z-C(ii))(z + C(jJL)), 

where C(a*) was defined in (|6. 128b|) . The matrix function (zI-F(fi))^ 1 
is a rational function of z. The only singularities of this function 
inside T are the simple poles at the points z = and z = —£(//). 
Calculating the integral in (|6,136p . we obtain 



■ h (((ri) + h(-c(ri) h(ati)) - M-CM) 

2 2C(/x) 
2^ /+-» 2 



(6.137) 



Thus, if h(z) is a function holomorphic on the spectrum of the operator 
3~Ej then the operator H{3^e) can be expressed in the form (|6. 134[) . 
where the matrix function h(F(fi)) is expressed by (16. 13T|) . 

However, the expression (|6.137p has a meaning not only for func- 
tions h which are holomorphic on the spectrum of 3~e, i.e. on the 



interval 



1 piir/A _J_ p iir/4 
V2 ' V2 



Given \i, the expression (|6.137p is 
meaningful for any function h which is defined on the two point set 
C(p) and — £(/u), which constitute the spectrum of 2 x 2 matrix F((i). 
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To define a function of a 2 x 2 matrix with different eigenvalues, it is 
enough to know the values of this function at the eigenvalues of this 
matrix only. 

The formula (|6,137p gives the expression for h(F(p)) in the sense 
of the elementary functional calculus of matrices. Indeed, let 



1 

2 

2C(M) 



/-+(/*) 

2C(M) 
1 
2 



E-{ji) 



1 

2 

/+-(/*) 
2C(M) 



2C(M) 
1 
2 



(6.138) 

(The expressions for E + and E_ can be obtained from (|6.138|) if we 
set h(C(n)) = 1, h(-C(n)) = and &(C(m)) = 0, fr(-CO)) = 1 respec- 
tively). We note that according to (j6.58|> and (I6.63p . 



C 2 (//) = / + -(/i)/_ + (M). 

Using (|6.139p we verify that 

E + {fif = E + {fj), #_(m) 2 = E-(p), E + (ji)E.{fj) 
The equality 

b + (m) + ^-(a*)=/ 

is evident. The matrix F{jjL) is representable as 

F(/i) = C+0*)£iO*) + C-(M)£-(M). 



(6.139) 



£_( M )£; + ( M ) = o. 

(6.140) 
(6.141) 



.142) 



In other words, the matrices E + {^) , E_((i) are the spectral projectors 
of the matrix F(/j,) onto its eigenspaces corresponding to the eigenval- 
ues the numbers C+(/-*) an d C— (m) respectively. 

The complex conjugated numbers £+(//), C-(aO are the eigenvalues 
of the hermitian conjugated matrix F*(/j,) and the hermitian conju- 
gated matrices E+(fi), ET.(fJ>), 



KM 



2C00 



2C(M) 

1 

2 



2C(A*) 



2C(M) 
1 
2 



.143) 
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are the spectral projectors onto the eigenspaces of the matrix F*(/j,) 
corresponding to these eigenvalues: 

E* + {tf = E* + (im), El^) 2 = El(ji), E* + ((i)El(v,) = E*_(fi)E* + ((x) = 0. 

(6.144) 

E*(ti) + E*_(») = I, (6.145) 



F*(jj) = C+(M) KM + C-(M) ^-(M) • (6-146) 

Definition 6.7. // /i is i/te function taking the values /i(£ + (/x)) anc? 
h(C-(n)) at the points £ + (/x), C-O-Oj H6.128a|) . f/ien i/ie matrix h(F(n)) 
is defined as 

h(F(»)) ^h(( + (v))E + (ri + h(^(ri)E_(ri. (6.147a) 



If h is the function taking the values h(£+((J,)) and /i(£_(/i)) at the 
points C+(/^); C-in)) then the matrix h(F*(fj,)) is defined as 



h(F*M) = h(C+(j*))K(M) + HU»))Et(ri . (6.147b) 

The definition (|6.147ap agrees with (|6.137p . 

Definition 6.8. Ifh{Q) is a complex-valued function defined on a sub- 
set S of the complex plane, than the conjugated function h(C) is a 
function defined on the conjugated set S by the equality 



h(() = h((). (6.148) 

Let us estimate the norm of the matrix h(F(fj,)) in terms of the 
values /i(±£(/x)). Applying this estimate of Lemma 16.31 to the matrix 
h(F(/j>)), (I6.137p . and taking into account the estimates (|6,65p . we 
obtain 

|(lMCM) + M-CM)l + |ftK( " ) }^f- CW) )< 

< IWF0»))ll < 

<|/,(CM) + fe(-CM)l + "' (CM } c ^[" CM) 

Since |C(m)| < 1, 

imc(m))i + \H-a»))\ < \km) + K-cm + IMCM } C ^[" CM) - 

Thus, the following two-sided estimate for the horm of the matrix 
h(F([i)) is obtained: 
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Lemma 6.5. For \i £ (0, oo), let the matrix h(F(fi)) be defined by 
(|6.147p with Ci,2(/-0 from (|6. 128a|) . Then the following estimate holds: 

i/i6( m a X (iMC(M))MM-CM)l) + IMCM } C ^[" C(M)) ) < 

< IIWm))II < 

< 2 ( max (|MC(M))MM-C(M))I) + ^^p^ ) ■ ( 6 ' 149 ) 

Definition 6.9. ^4 function h(£) is said to be 3~£ -admissible z/ 

1. is measurable and defined almost everywhere with respect to 
the Lebesgue measure on the interval 

2. The norm \\h\\^ is finite, where 



1 „i7r/4 _J_ piir/A 
V2 ' ^2 



esssup|/t(C)|+esssup ^^ ^ , (O.loO) 



I, = 



Kl 



and <j„ 



1 piir/i _J_ „irc/A 
V2 ' V2 



is the spectrum of the opera- 



An analogous definition related to the adjoint operator CFg is: 

Definition 6.10. A function h(C) is said to be -admissible if 

1. h{C) is measurable and defined almost everywhere with respect to 
the Lebesgue measure on the interval 

2. The norm \\h\\ is finite, where 



1 —in/4 _J_ — ztt/4: 
V2 ' V? 



I dcf \ufs\\ , 1^(0 ~ h (-()\ tR 1K1 ^ 

| » = ess sup |/i(C)| + ess sup — , (6.151; 

E Cecr cecr Kl 



and o~ 



ator 3"|,. 



1 „— J7r/4 _J_ _— i7r/4 



is £/ie spectrum of the oper- 



Definition 6.11. The set of all S^-admissible functions provided by 
natural "pointwise" algebraic operation and the norm (|6.150p is de- 
noted by 2$gr B . 

The set of all -admissible functions provided by natural "point- 
wise " algebraic operation and the norm (|6.151|) is denoted by 5Sg-* . 
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It is clear that each of the spaces *&y E , 23 j* is a Banach algebra, 
and 

1 1 hi M sr., - ll^llljr^, IIMy* or ||/ii/i 2 || » < \\hi\\ \\h 2 \\, T , (6.152) 

E E E J E J E J E 

for every hi, h 2 G 23y E or h\, h 2 £ %$$* E respectively. 

Lemma 6.6. Let be a function belonging to the algebra 23y B . 

The function is invertible (in 23j E j i/ ancZ on/y i/ i/ie se£ of its 
values is separated from zero, that is the following condition 

ess inf|x(C)| > 0. (6.153) 

<^E 

holds. 

If the condition (I6.153P holds, then the inverse function x -1 (£) is: 
x- 1 (C) = (x(C))-\ (ea? B , (6.154) 

and 



\x-\0hE < MOW* ■ fcs inf |x(C)|) 2 • (6.155) 



The inequality (|6.149|) implies the inequality 

&\\h\\ <esssup||/ l (y E )(M)||<2||% (6.156) 
/ite(o,oo) 

Lemma 6.7. y4 function h belongs to the algebra 23 y E if and only if 
the conjugate function h belongs to the algebra 23g* . Moreover, 

\\h\\^ = \\h\\<&?« 

s E 

Now we are in position to define the operators hi^g) and h(3%), 
where h is an arbitrary function belonging to the algebra %$s E or 23y 
respectively. 

Definition 6.12. For a function h belonging to the algebra 23^, the 
operator /i(3~£) is defined as 

(h(J E )x)(t) = J z(/z)fc(F0*)Mt, M )^, VxGL 2 (0,oo), 

M6(0,oo) 

(6.157a) 

where h(F(/i)) is defined by ([6.137|) . and x is defined by (|6.37p . 
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(h(T E )x)(t)= I x(rih(F*(p)Mt,v)^, VxGL 2 (0,oo), 



2tt' 
jue(o,co) 

(6.157b) 

where h(F*(/j,)) is defined by (|6.147bp , and x is defined by (|6.37p , 

in oi/ier words, the operator h(3* E ) is defined as the matrix func- 
tion Mh{£) of the operator C in the sense of Definition 16.51 where 
the matrix function Mh(fi) = h(F(fi)) is defined in ()6. 147a[) - (j6. 138[) - 
(I6.l28al) - (l6.128b|) . 

From the inequalities (16.156P and Theorem 16.41 it follows the two- 
sided estimate for the norm of the operator h(J E ): 

U h h E <\\(h(?E)\\<2\\hy E . (6.158) 

Theorem 6.9. The mapping 

h(C) -> h(J E ) (6.159) 

defined by (|6.158p (see Definition 16. 12[) is a homomorphism of the al- 
gebra *B$ E of 3' E -admissible functions into the algebra of bounded op- 
erators in L 2 ((0, oo)): 

1. Ifh(C) = 1, then h{1 E ) = 3. 

2. Ifh(Q = C, then h(? E ) = ? E . 

3. If h(() = aih\(Q + Q 2^-2(C)? where ct\, a 2 are complex numbers 
and h%, h 2 £ ^y E , then 

h(H E ) = uihi(3 E ) + a 2 h 2 (3 E ) ■ 

4. Ifh(() = hi(C) ■ h 2 ((), where hi, h 2 G *&3 E , then 

h(? E )=hi(? E )h 2 (?E). 

5. If h £ y$$ E , then the operator h(H E ) is an invertible operator in 
L 2 ((0, oo)) if and only if the function h is invertible in the algebra 
2$5 B . // the function h is invertible, and h is the function 
inverse to h, then 

(h(jE)y 1 = h-\'j E ). 



42 



6. If h E *Bj E , then the operator Qi^e))* , conjugated to the op- 
erator 3' E , cat be expressed as the conjugated function h of the 
operator J E : 

(h(? E ))* = h(T E ) . (6.160) 

Proof. If h(C) = 1, then M h (fJ,) = Ex(fj,) + E 2 (fJ,) = I. According to 
Statement 1 of Theorem EH M h ((L)) = I. 

If h(C) = C, then M h (fi) = F(fi), (|6.142j) , and according to Remark 
E31 M h (C) = F{C) = J E . 

The statements 3 and 4 of the Theorem are direct consequences 
of properties of the mapping M(p) — > M(C), which are stated in 
Theorem 16.51 an d of properties of the mapping h(C) — >• M^fj,) = 
h(F(fi)) defined in (j6.147|) . In particular, M hlll2 (fi) = M h2 (/j,)M hl (n). 
Thus M hlh2 {C) = M h2 (C)M hl (C), i.e. (/ii/i 2 )(J s ) = h x {S E )h 2 (3 'e) ■ 

If the function h is invertible, then according to Statements 1 and 
4 of Theorem, which already are proved, 

h-'i^h^E) = ^(J e )(^- 1 (9"e) = I- 
If the function h is not invertible, then, according to Lemma [6.6[ 

ess inf \x(C)\ = . 

This means that for every preassigned e > 0, there exists the subset S 
of the spectrum (7 y E with the properties 

mes5>0, \h(Q\ < e VCeS. 

We construct the function x 6 L 2 ((0,oo)) such that 

||x|| i2 = 1, ||/i(3" £ ;)x|| i 2 < e. 

Since e can be taken arbitrary small, this means that the operator 
h{J E ) is not invertible. We construct the 1x2 vector-function x(/u) 
rather the functions x(t). Without loss of generality we can assume 
that either S C or S C ^g^' where (7j E , <7^ are defined in 

(I6.130P . At least one of the sets Sfld^ and S n <7 is of positive 
measure.) For definiteness, let S C (7y . The function C(m) introduced 
in ()6.128bp maps one-to-one the interval [0,oo) onto the set 

Let us construct the function x(fi). If [i G (0, oo) is such that 
C(t-i) $ S, then we set x(fj,) = 0. If C(m) £ then we choose such 
that the conditions 

x(ji)^0, x(n) = x(n)E+(n) (6.161) 
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are fulfilled, where E + (fi) os the projector of rank one introduced in 
(|6.138p . For each /i, the conditions f|6. 161j) determine x(/i) up to a 
scalar non-zero factor. We choose these factors in such a way that the 
function x(fi) to be measurable and satisfy the condition 



In view of (In.l47al) and (IfUnTj) . x(/j,)h(F(fi) = h(((fj,))x(n), thus 
x(fi)h(F(n)h(F(fi))* x(n)* < e 2 x(/i)x*(/i) V/x € [0, oo) . 



The statement 6 is a direct consequence of Definitions 16,121 16.71 
and ESI 



6. After the functional calculus for the operator 3~£ was developed, 
we have tools to define and investigate spectral projectors related to 
the operator 3~£. 

According fj6. 15TI) . the functions /i(3~e) and h{3* E ) of the operators 
3~e) and 3* E are expressed in the form which can be considered as 
integral expansions in the eigenfunctions ip{t,[i) of the operator C. In 
particular, the expressions f|6.83[) for the operators 3"g and 3^* E looks 
as integral expansions in the eigenfunctions of the operator C. Now 
we are in position to present the expansions (I6.157p . and in particular 
the expansions (|6.83p . as integral expansions in the eigenfunctions of 
the operators 3~£ and 3^ themselves rather in the eigenfunctions of the 
operator C 

To do this, we have first of all to clarify what are eigenfunctions of 
the operators 3~£ and 3"^,. These eigenfunctions are not L 2 -functions 
but 'generalized' functions. According to general ideology, going back 
to A. Ja. Povzner |Povl| . |Pov2j and F. Mautner |Mauj , generalized 
eigenfunctions of an operator can be obtained by differentiation of 
the resolution of identity related to this operator. Considerations of 
A. Ja. Povzner and F. Mautner and their followers are related to self- 
adjoint operators. Though the operators $e and 3* E are non self- 
adjoint, the functional calculus developed by us allows to some extent 
to work with these operators as if they are self-adjoint. In particular 
we construct objects which may be considered as resolutions of iden- 
tity related to the operators 3~e and 3^. The resolution of identity 




£te(o,oo) 



The statement 5 is proved. 



□ 
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related to the operator 3~£ is a family of its spectral projectors. We 
construct this family of spectral projectors as the family of functions of 
the operator 3~£ which functions are the indicator functions of subsets 
of the spectrum G y E . Though this family of subsets is not so rich as 
in the case of self-adjoint operator and does not contain all Borelian 
subsets of CTy E , it is rich enough for our goal. 

Definition 6.13. For a subset A of the complex plane, we define its 
symmetric part A s and asymmetric part A a ; 

A s = An(-A), A a = A\(-A). (6.162) 



Here, as usual, —A = { z G C : —z G A }. So, 

A = A s U A a , A s nA a = 0, A s = -A„ A a n (-A a ) = . 

(6.163) 

With every subset of A G C, we associate its indicator function 

X A (*) = 1 * *G A, Xa(*) = if z?A. 

Definition 6.14. The set S, S C O <j E is essentially separated from 
zero if 

ess dist (S, 0) > . 

Lemma 6.8. Let A be a subset of the spectrum Oj E of the operator 
3^E- The indicator function x A belongs to the set ^^ E of ^E-admissible 
functions if and only if the asymmetric part A a of the set A is essen- 
tially separated from zero. 

Proof. Since the function Xa(C) i s bounded (either |Xa(C)| = 1 or 
|Xa(C)I = 0)> the function Xa(C) i s ^-admissible if and only if the 

function — — — — is essentially bounded. In view of (|6.163p . 

Xa(C) - Xa(-C) = X Aa (C) - Xa_„(-C)- From tlie otn er hand, 

|XA o (0 - XA_»(-C)I = X Aa u(-A a )(C) , 
so the function ^ A ^^ — _Aa1 — Q. [ s essentially bounded if and only if 

the function ^ A ° u( ~ Aa) — is essentially bounded. The last function 

is essentially bounded if and only if the set A a U (— A a ) is essentially 
separated from zero. From the structure of the set A a U (— A ) it is 
clear that the set A a U (— A a ) is essentially separated from zero if and 
only if the set A a is essentially separated from zero. □ 
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Definition 6.15. The Borelian subset A of the spectrum (J<j E is said 
to be ^E-admissible if the indicator function Xa(C) * s a ^E-admissible 
function. 

Lemma 6.9. Let A\ and A2 be 3~e- admissible subsets of the spectrum 
3~E- Then the sets Ai U A2, Ai H A2 and Ai \ A2 are S^E-a-dmissible 
sets as well. In particular if the set A is admissible, its complement, 
the set (7gr B \ A, is admissible as well. 

Definition 6.16. Let Abe a J e- admissible subset of the spectrum 9~£. 
The operator 3V B (A) is defined as 



y 5B (A) d = f XA (^), 



.164) 



where x A (C) i s the indicator function of the set A and the function 
Xa(^e) of the operator Je is understood in the sense of Definition l6.121 

Remark 6.10. According to (|6.147ap . 



I, i/( + (p)GA,(_(,i)6A 

E + (p), if C+(m)ga, C-W^A 

E-(p), if C+(/^)0A, C-(M)€ A 

0, if c+(^)^a,C-(m)^a 



(6.165) 



Theorem 6.10. The family of the operators {ygr B (A)}A, where A 
runs over the family of all S'E-admissible sets, possesses the following 
properties: 

1. If the sets A± and A2 are 'JE-o-dmissible, then 



3V B (Ai n A 2 ) = Pg^Ai) • % B (A 2 ); 



(6.166) 



In particular, for every J 'e- admissible set A, the operator 7y E (A) 
is a projector: 

0>* (A) = 0V B (A); (6.167) 

J E 

2. The projectors corresponding to the $E-admissible sets and G y E 
are: 

0^(0) = 0; 0V B (OVj=J, (6.168) 
where 3 is the identity operator in the space L 2 (E). 
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3. The correspondence A — > l J > ^ E (A)L 2 (E) between subsets of the 
spectrum Oy E and subspaces of the space L 2 (E) preserves the 
order: 

If AiCA 2 , then OV B (Ai)L 2 (£) C y? E (A 2 )L 2 (E) . (6.169) 

4. // the sets A\ and A2 are 3~E-admissible, and Ai n A2 = 0, then 

3V B (Ai U A 2 ) = ^ B (Ai) + OV s (A 2 ) ; (6.170) 
In particular, for every S'E-admissible set A, the equality 

?j E (A) + ? 7E (a 7E \A) = J. (6.171) 

holds. 

proo/. The mapping A — > xa(C) possesses the properties: 
XAinA 2 (C) = XAi(C) • XA 2 (C) for every A a , A 2 , 
XAiUAaCC) = XAx(C) + XA 2 (C) if Ai D A 2 = 0, 
X (0 = 0, and y (C) = 1 for C G a s . 

Statements 1 - 4 of the present Theorem are consequences of these prop- 
erties of the mapping A — > Xa(C) an( i the properties of the mapping 
Xa(C) — ^ Xa(3*e), which are particular cases of the properties formu- 
lated as Statements 1 - 4 of the Theorem 16.91 □ 

Theorem 6.11. 

1. If the set A, A C (Jy E , is symmetric, that is mes A a = ; then 
the projector CP^ B (A) is an orthogonal projector, i.e. 

^ B (A) = y| J5 (A). (6.172) 

2. If the set A, A C (Jj E , is not symmetric, i.e. mesA a > 0, then 
the projector T 'j E (A) is not orthogonal, i.e. J , y B (A) 7^ 7^ (A). 

Proof. Assume that the set A is symmetric. Then there are only two 
possibilities: either C+0-0 G A, C-O-O g A, or C+0-0 A, C-0-0 ^ A. 
According to f|6. 165|) . in the first case Xa(-^Xm)) = ^> i n the second case 
XaC^O-O) = 0. In both cases, XA(F(fi)) = XaC'^' (/*))• By Definition 

y ?B (A) = M(£), where Af(/z) = Xa(^(m)) • 



47 



Since M(/j,) = M *(//), then according to Theorem 16,51 statement 4, 
M{£) = (M(£))*. 

If the set A is not symmetric, then, according to Lemma 16.121 
||JV B (A)|| > 1. Hence, the projector < J ) ^ E (A) is not orthogonal, but 
skew. □ 

Theorem 6.12. Let Ai and A2 are subsets of the spectrum (7 5- which 
satisfy the condition 

(Aa U (-Ai)) P| (A 2 U (-A 2 )) =0. (6.173) 

Then the image subspaces < P^ E (Ai) L 2 (E) and7y E {A2)L 2 {E) are mu- 
tually orthogonal, that is 

?| s (A 2 )^(A 1 ) = 0. (6.174) 

In particular, if 

either Ai C a£ , A 2 C a£ , or Ai C G$ , A 2 C (7^ , (6.175a) 
ane? moreover 

Ai n A 2 = 0, (6.175b) 

tften (I6.174|) ZioWs. 

Proo/. The equality (16.1741) is of the form M 2 *(£) • M X {C) = 0, where 
AfiOi) = XA 1 (i ? (/i)), M 2 (m) =X A 2 (-F(m))- Using (gJMD , we conclude 
that under the condition (16. 173ft at each point fi at least one of the ma- 
trices Mi(fi) and M 2 (/i) vanishes. Thus, under the condition (16. 173ft . 
the equality M 2 *(/i)-Mi(/u) = holds. According to Theorem I6.5[ the 
equality M 2 * (£) • Mi (£) = holds. □ 

By induction with respect to n, from ()6.170p the following state- 
ment can be derived: 

Proposition 6.1. Let A/%, A/% C CTy E , 1 < k < n , be a finite se- 
quence of sets possessing the properties: 

a) . Each of the sets A^, 1 < k < n, is ^E-admissible; 

b) . The sets A&, 1 < k < n, are disjoint. This means that 

A p nA g = 0, Vp, q : l<p, q<n, p^q. 
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Then the set A = [J A& is admissible, and 

l<k<n 



(6.176) 



Kk<n 



The property of the mapping A — > !P^ B (A) expressed as Proposi- 
tion 16.11 can be naturally considered as the additivity of this mapping 
with respect to A. 

In general, the mapping A — > Tg- B (A) is not countably additive.li 
Afc, Afc C CT$ E , 1 < k < oo, is a countable sequence of ^-admissible 
sets, then their union 



may be a non-admissible set. Even if the set A, (|6,177p . is admissible 
and the sets A& are pairwise disjoint, the equality 



may be violated. And what is more, it may happen that despite all the 
sets Afc, 1 < k < co, and their union A are ^-admissible, the series in 
the right hand side of of the last formula may diverge in any reasonable 
sense and even ||!Py B (Afc)|| — > co as k — > co. The fact that the union A 
of the countable sequence of ^-admissible sets A& is a ^-admissible 
set does not forbid the following pathology: the property of the sets 
Afc be essentially separated from zero may be not uniform with respect 
to k. Each of the sets A^ may be fully asymmetric: A^ = (Aj.) a , 
but their union A may be symmetric: A = A s , hence S^-admissible, 
Lemma 16.81 However if the property of the sets A& be essentially 
separated from zero is not uniform with respect to k, then the sequence 
IjCPg^Afc)!!, 1 < k < co, is unbounded. 

Nevertheless, some restricted property of countable additivity of 
the mapping A — > J > g- B (A) takes place. 

Theorem 6.13. Let {Ak}i<k<oo be a sequence of Borelian subsets of 
the spectrum G y E possessing the following properties: 

1. The sets {Afc}i<fc <00 are pairwise disjoint: 




(6.177) 



l<fc<oo 



l<fc<oo 



A p n A q = V p, q : 1 < p, q < co, p / q . 



(6.178) 
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2. The sequence {(Afc) a }i<fc <00 of the asymmetric parts (Afc) a of 
the sets A/% is uniformly essentially separated from zero , that is 

inf essdist((A fc ) a ,0) > 0. (6.179) 

k 

Then the set A = |J A& is 3 e- admissible and the equality 

Kfc<oo 



9? B (A)= £ 9? E (A k ). (6.180) 



l<fc<oo 

holds, where the series in the right hand side of (|6.180p converges 
strongly. 

We preface the proof of Theorem 16.131 with an estimate of the 
matrix function XA(F(fi)). 

Lemma 6.10. The norms of the spectral projectors E + (fi), E_(p) of 
the matrix F(n) are: 

\\E+(ji)\\ =cosh-^p ||J5_(aO|| =cosh^, < y, < oo . (6.181a) 

In terms of the eigenvalue C±(/ u ) of the matrix F(fi), (|6.128ap . 

1 



\\E+m = ^j^r V / l + 2|C+(/i)| 2 , 

2|C+(/x)l (6.181b) 

Proof. Calculation of the norm of the matrices E+(/j,), E_(y) can be 
reduced to calculation of the norms of the appropriate self-adjoint 
matrices: 

\\E + {y)f = \\E* + (») E + (u,)\\, \\E^)f = \\E*_(y) E^)\\ 

In its turn, calculation of the norm of a selfadjoin matrix can be re- 
duced to calculation of its maximal eigenvalues. The characteristic 
equation for the matrix ||i5q_(/u) i?+(/x)|| is: 

p 2 - (trace E* + (p) E + (y))p + det E* + (y) E + (y) = 0. 

By direct computation, det E+ (fi) E + (y) = | det E + (/i) | 2 = 0, (recall 
that E + (fi) is a matrix of rank one), and 

trace^ ) ^(, ) = if 2 + %^ + l^^n 
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According to (f63g|) and (|6.139|) . 

\U-(v)\ 2 „ W7r 



ICMI 2 ' ICMI 2 

Thus, 

trace E* + ((j,) E + (fi) = i(2 + ef™ + e~^) = cosh 2 ^ . 

So, the roots of the above characteristic equation are p = 0, and 
p = cosh 2 If. Therefore, \\E%(fj.) E+(p)\\ = cosh 2 If, and \\E + (/i)\\ = 
cosh^. Analogously, =cosh^. " □ 

Lemma 6.11. Let the set A, AC(Jj B is non-empty: mesA > 0. 

1. If the set A is symmetric, that is if mes A a = , then 

ess sup ||xa(-F(m))II = 1 • 

MS(0, oo) 

2. // i/ie set A is not symmetric, that is if mes A a > 0, then 

ess sup ||xaOF(aO)|| = 7^ Vl + 2d 2 , 

/ig(0,oo) ^« 

where d = essdist(0, A a ). In particular, 

esssup \\xa(F(ll))\\ > 1. 

£t6(0, oo) 

Proof. If A = A s , then, according to (|6,165p . either xa(E(^)) = I, 

or xa(E(p)) = 0. Thus, in this case esssup ||xA(^ ? (Ai))|| = 1. If 

jue(o,oo) 

mesA a > 0, then according to ([6.165P and (|6.181l) . esssup ||xA(-^ 1 (A i ))|| 

^e(o,oo) 

= ^ vT + 2d 2 . In the considered case d < -^=, thus + 2d 2 < 1. 

□ 

Let us estimate norms of the operators TV B (A). In the case the 
function h(Q = Xa(C)> the estimate (|6.158p for H^e) can be im- 
proved. 

Lemma 6.12. Let the set A, ACff^ is non-empty: mes A > 0. 
1. If the set A is symmetric, i.e. mes A a = 0, then 

||^(A)|| = 1. 
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2. If the set is not symmetric, i.e mesA a > 0, then 

where d = ess dist (A a , 0) . In particular, 

||^(A)||>1. 

Proof. Lemma [6 .121 is a consequence of Lemma [6.111 and Theorem 16.41 
(Recall that % E (A) = M(£), where M(/i) = xa(F(h)).) 

□ 

Proof of Theorem \6.13l Since 

A a C J (A fc ) a , 

l<fc<oo 

then either mes (A a ) = (in which case the set A is ^-admissible), 
or mes (A a ) > 0, in which case 

essdist(0, A Q ) > inf (ess dist (0, (A fc ) )) > 0, 

k 

thus the set A is S^-admissible as well. 

Thus, the set A, as well of the sets A&, 1 < k < oo, are 3~£- 
admissible. In particular, the operator !Pg- E (A), as well as all the 
operators 3V B (Afc), 1 < k < oo, are defined. 

From the assumption 1 of the present Theorem it follows that the 
(n + 1) sets, the sets Ai, A2, • ■ ■ , A n and the set |J A&, are 

n<fc<oo 

disjoint, and 

A=(UA„) (J (\jA k ). 

l<k<n n<k<oo 

According to Proposition 16. 1| the equality 

l<fc<n n<fc<oo 

holds. To prove (I6.180p . we have to prove that 

y? E ( (J A fe ) -> as n -»■ 00 , 

n<fc<oo 
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where the convergence is the strong convergence. Decoding the notion 
of strong convergence, we present the limiting relation in the form 



OVg ( (J A fc )x|| L 2((o )00 )) ->■ as I140O for every i £ L 2 ((0,co)). 

(6.182) 



n<fc<oo 

Let us denote 



«n = % £ ( |J A fc )x. 

n<fe<oo 



According to the definition of the operator Tj E ( \J Ap.) , 

n<fc<oo 

= x(ji)MM , (6.183) 

where 

MM=X ll A*'0*))- (6-184) 

n < fc < oo 

According to Lemma l6.11l applied to the set (J A&, either ||.M n (//)|| < 

n<fe<oo 

1 V/z if this set is symmetric, or ||.M n (//)|| < — — yl + 25^ V/z, if 



this set is not symmetric, and <5 n = essdistIO, ( (J Aj,) J. How- 

^ n<k<oo ' 

ever, 5 n > inf cZ&, where df~ = essdist(0, (Afc) a ). The numbers 

l<fc<oo 

dfc are separated from zero: dk > d > 0. Therefore, ||.M n (//)|| < 
— y/l + 2d V/i. So, in both cases 

\\M n (fi)\\ < C < oo, (6.185) 

where the value C does not depend on n and on jj,. 
From (|6.183l) and (|6.185l) it follows that 

u^(A0w^*(/i) < C 2 x(fi)x*(fi) . (6.186) 

Since J x(/j,)x*(fi) ^ < oo, the inequality (|6.186p means that the 

fte(o,oo) 

family {u^(fi)u^* (fJ>)} n admits a summable majorant. From (|6,183p 
and (I6.184P it follows that 

lim u^(fi)u^* (fi) = for every fi £ (0, oo) . (6.187) 



53 



From (|6,187|) , (I6.187P and Lebesgue Dominated Convergence Theorem 
it follows that 



lim / u n (n)u n *(n) ^ = 0, 

S-»00 J Z7T 



n— ¥00 

/i£(0,oo) 

hence \\u n \\ — > as n — > oo. The equality (|6,182p is proved. Thereby 
the equality (16. 1801) is proved. □ 

Definition 6.17. To every ^E-admissible set A , A C (7j E , we relate 
the subspace 

H? E (A) d ^y? E (A)L 2 (R + ), (6.188) 
which is the image of the projector 7y E ■ 

Remark 6.11. For every admissible A, the subspace 7i^ E (A) is closed 
because it is the null-subspace of the bounded operator X — r P<j E {A). 

Since OV B (0) = and 9<f B {(T<f B ) = J, 

Uj E m = o, U? E ((J? E ) = L 2 (R + ). 

In view of (16. 171f> . the subspace %'j E {(T-j E \ A) is the null-space of 
the projector CPj B : 

U 7e {(Jj e \ A) = {x G L 2 (R + ) : y? E (A)x = 0} (6.189) 

and the subspaces Hj E (A) and T-Ly E (<7 j E \ A) are complementary: 

-H? E {A) + Uy E {<J? B \ A) = L 2 (M+) . (6.190) 

(The sum in (|6.190p is direct). 

Since the projection operator 3V B (A) is a function of the operator 
3~, it commutes with 3": 

y? B {A)3 = ?3V B (A). (6.191) 

From (|6.191|) it follows that the pair of complementary subspaces 
T-L^ E (A) and T-L<j E {0'y E \ A), (|6.190p . reduces the operator 3"e: 

?eH? e (A) C H Jb (A), ^ E n^ E ((T 9js \A) C ?^(C7 JB \A) . (6.192) 

In particular, the subspace (A) is invariant with respect to the op- 
erator IFe, and one can consider the restriction $e (A) of the operator 
GFe onto its invariant subspace H.j E (A): 

■J E {A) = 3e, . (6.193) 
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Theorem 6.14. Let A be an admissible subset of the spectrum (J? E 
of the operator 3~£. The spectrum of the operator S'e(A), which acts 
in the space Hj E (A), is the essential closure essclos (A) of the set A: 

^(A) = essclos (A) . (6.194) 

Proof. 

1. Let z G C, z ^ clos (A). Consider the function 

/(C) = | (C ~* r1 ' (6-195) 

The function /(C) is admissible: it is the product of two admissible 
functions, the function xa(C) anci the function g(C) = (C — z )~ 1 -, VC- 
First of these functions is admissible because the set A is admissible, 
second of these functions is admissible because it is essentially bounded 
on Oy E and smooth at the point C = 0. Since /(C)(C ~ z ) = Xa(C> 

(? E - z3)f(? E ) = f(? E )(?E - zJ) = (A) . 

If we restrict this equality on the subspace Hj E (A), which is an in- 
variant subspace for both the operators Je an d /(3"_b), we come to 
the equality 

(J E (A)-^(A))/(? E ), 

= /(^)i (3- E (A)-zJ(A))=J(A), 

where 3(A) is the identical operator in the space T~Ly E (A). Thus, 
the operator 3" E (A) — zJ(A) is invertible operator acting in the space 

2. Let z £ essclos (A). This means that 

ess inf |C — z\ = . 

C6A 

We construct a sequence {x n }i< n <oo such that x n 6 H^ E (A), \\x n \\ = 1, 
but IKS'e(A) - z3(A))x n \\ -»• as n — > oo. This construction is sim- 
ilar to the construction used by the proof of the second part of the 
statement 5 of Theorem 16.91 □ 



Theorem 16.141 justifies the following 
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Definition 6.18. Let A, A E Oj E , be a J 'e- admissible set. The pro- 
jector 3V B (A) defined by (|6.164p is said to be the Je spectral projector 
corresponding to the set A. 

The subspace H r j E (A) - the image of the operator 7y E (A) - is said 
to be the 3*e spectral subspace corresponding to the set A. 

For < e < l/s/2, let 

A+(e) = e^ 4 [e, I/V2], A_(e) = e i7r/4 [ - 1/V% -e] . (6.196) 

Each of the sets A + (e),A_(e) with e > is ^-admissible, however 
the norms of spectral projectors r Pj- E (A + (£)), 3 5 j £ ,(A_(e)) tend to 00 
as e — > +0. Indeed, the sets A-j-(e)) are fully asymmetric: 

A+OO = (A+(e)) a , A_(e) = (A+(e)) a . 

It is clear that 

essdist(A + (e)) a , 0) = e, ess dist(A_(e)) a , 0) =e 
According to Lemma 16.121 

||^(A + (e))|| = 1 yiT^, ||^ E (A_( £ ))|| = 1 . 

(6.197) 

In particular, 

||3V B (A + (e))||->+oo, ||% E (A_(e))|| ^+00 as (6.198) 
At the same time, the set 

A(e) = A+(e) U A_(e) (6.199) 
is symmetric: (A(e)) = 0. According to Lemma [6.121 
||3V B (A(e))||=l for every e > 0, 

or 

\\3>? a (A+(e)) + ^(A_(e))|| = 1 for every e > 0. (6.200) 

Sums of projectors from two unbounded families form a bounded family. 

The family {A(e)} £> o is monotonic: A(ej) C A(ei) if e\ > £2- 
Moreover, \J A(e) = <Tg- E \0. Since 5V B ((7^ \0) = J, then, according 

£>0 

to Theorem I6.13| the following assertion holds: 
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Lemma 6.13. The estimate 

||OV B (A(e))|| = 1 for every e > 0. (6.201) 
and the limiting relation 

£ Hm o ^ B (A(e))=J, (6.202) 

hold, where convergence is the strong convergence of operators. 
Corollary 6.3. As we saw, 

sup||0V E (A)|| =oo, (6.203) 
A 

where A runs over the class of all 3 '^-admissible sets. From this it 
follows that the family {[Pg^A)} of spectral projectors is not similar 
to an orthogonal family of projectors. 



Lemma 6.14. By contrast with (I6.203p . 

HJsOVeCA)!! < 1 for every admissible A. 
Proof By definition of function of matrix, 

Explicit calculation gives: 



(6.204) 



Since 
then 



CM L+M 

2 2 

/+-(/*) 
2 



CM 

2 



, F(fi)E-(fj,) 



2 2 

f+-(p) 
2 



CM 

2 



2 2 '22 

< 1, ||F(/x)S_(/x)||<l. 



Since 



F( / x) XA (F( / x))=XA(C+(M))i ? (^+(M) + XA(C-(At))^(M)^-(M) 
and £+(//) + £L(/i) = 1, \\F(fi)\\ < 1, then 

\\F(ji)xA(F(ji))\\<l, 0<fi<oo. 
Finally H^XA (9^)11 < 1, he. the estimate (16.2041) holds. □ 
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In fact, we have proved the following estimate. 
Lemma 6.15. Let /(C) be any 3 e- admissible function. Then 

||^/(%)|| < 2 ess sup |/(C)| . (6.205) 

7. After the spectral projectors l Pj- E (A) were introduced, (|6.164p . and 
investigated, (see in particular Lemma (|6.14p ). the question arises: 
how to represent the original operator 3e in terms of these spectral 
projectors. Our goal here is to give a meaning to the representation 

?E= J C (6-206) 

and more generally, 

f(? E )= j /(C)3V B «). (6.207) 

We emphasize that the operator 3 E is non-normal, the family { Tj B (A) } 
is not orthogonal and even unbounded: (|6.203p . However it turns out 
that if the interval A is essentially separated from zero: 

essdist(A,0) > 0, (6.208) 

and the function f(Q) is bounded on A, then the integral J /(£) (d£) 

A 

can be provided with a meaning. 

Namely, let g(() be a simple function, that is the function of the 
form 

5(0 = E a ^ fc (C), (6.209) 

k 

where at are come complex numbers, and the collections Aj, of sets 

forms a partition (finite) of the original set A: A = U A&, A p n A q = 

k 

0, p 7^ q. We define the integral J g(() JV B (o?C) as 

A 

J 9(0 n E (dQ = Y, a ^ E (A*) • (6.210) 
A k 

The value of the sum in the right hand side of (|6.210p does not depend 
on the representation of the function g in the form (|6.209|) . So, the 
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value in the left hand side of (|6.21U|) is well defined. From the other 
hand, decoding definition of ( Pj E (Ak) as XA fe (9~£;), we have 



^a fc 0V E (A fe ) = ^2a k XA k {3'E) = ( a kXA k ) (?e) = 9^e) , 
and finally, 

j g(C) y? E (d() = 9(?e) ■ (6.211) 
A 

So for any simple function g(Q vanishing outside the set A , where A 

is separated from zero, the integral J g(£) 3V B (d£) is well defined and 

A 

is interpreted as a function of the operator 3~£ in the sense of the above 
introduced functional calculus. 

Given a function / bounded on A and vanishing outside of A, 
there exists sequence f n of simple functions vanishing outside of A 
which converges to / uniformly on A: 

lim" sup|/(C)-/n(C)| =0. 

The integral J f(Q 7y E {dC,) will be defined as the limit of integrals 
A 

j fn(C) 3Ve(^0 °f simple functions f n if we justify that such a limit 
A 

exists and does not depend on the approximating sequence {fn}- 

If h(C) be a function essentially bounded on A and vanishing out- 
side of A, then 

<~ sup \h(C)\, 
a cga 

where d = ess dist (A, 0). (See (|6.137p ). Applying this estimate to 
h = f — f n , we see that ||/(3") — / n (3")|| — > as n — > oo. According to 
(|6.21ip . this can be presented as 



f(?E)~ / fn(C) % B (dC) 



—7-0 as n — > oo . 



Thus, there exists the limit of integrals f f n (C) 3V B (dC)- We declear 

A 

this limit as / /(C) ^ B (dQ: 
A 

"/(C) % E (dC) = lim / /n(C) VzAdO, 
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where convergence is the convergence in the norm of operators acting 
in L 2 (R + ). 

So the integral J /(C) CPj B ((fC) is defined if A is any subset of oj E 
A 

separated from zero and f is any function bounded on A and vanishing 
outside A. Moreover, this integral can be interpreted as a function / 
of the operator $e m the sense of Definition 16.121 



/(C) DV B (dC) = /(? 



E ■ 



Let now / be any bounded function defined on the spectrum o<j E . 
(We emphasize that the spectrum ay E is not separated from zero, but 
contains the zero point, which is the singular point in some sense: see 
(|6.198p .) The integral J /(C) ^V^^C) wn l be defined as an unproper 

integral. We remove a symmetric e - neighborhood V £ of zero 



v; 



(6.212) 



from the spectrum ay E and integrate / over the set A(e) = ay E \ V e . 

(This is the same set A(e) that was already defined in (|6.196p . (|6.199|) .) 

The set A(e) is separated from zero, so the integral J /(C) l ?^ E (d^) 

A(e) 

is already defined. Then we pass to the limit as e — > +0. If the limits 
exists in some sense, we decare the limiting operator as the integral 

;/(0% B (dc): 



/ 



/(O y? E (d()x 



lim 

e^+0 



/(C) ^ E (dC). 



(6.213) 



Lemma 6.16. We assume that f is a 3 'e- admissible function. 

Then the limit in (|6.213|) exists in the sense of strong convergence, 
that is for every x £ L 2 (R + ), 



/(c) y? E {dQx 



/(C) ??Jd()x 



Moreover 



o-^\V e 



I 



/(C) 3V B (dC) = /(?£;) 



as e ->• +0 . 
(6.214) 
(6.215) 
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where the operator /(S^e) is defined in the sense the above developed 
functional calculus for the operator Je, (Definition I6.12p . 

Proof. To justify the limiting relation ([6,2140 and to establish the 
equality ([6.215p . we observe that 

J /(C)0¥ B (O= J XA(e)(Of(On E (dO = {XA(s)f)(?E). 

(For functions vanishing outside the set A(e), which is separated from 
zero, the equality (|6.215p is already established. In the present case, 
we apply the equality ([6.2150 to the function XA(e)(C)/(C)-) Since 

(xA(e)f)(?E) = XamPeMVe) = ?>r B (A( e ))f(? E ) , 

we have 

J /(C)% B (dC) = % B (A(e))/(^). 
<rr E \v. 

According to Lemma 16.131 

Urn 9<r E (A(e))f(? E ) = WE), 

where convergence is the strong convergence of operators. Thus under 
the assumptions of Lemma, there exists the strong limit in ([6.2130 and 
the equality ([6.2150 holds. □ 

7. Let us find the generalized eigenfunction of the operator 3~£. Ac- 
cording to the enumeration agreement, (see Remark 16.90 . each points 
C £ 0> B \O is uniquely representable as £ = Cs (/■*)) with /i £ [0, oo), s 6 
{ + , — }, where Cs(aO were defined in ([6.1280 . We extend this enumer- 
ation agreement, enumerating the generalized eigenfunction of the op- 
erator 3~e which correspond to the point Cs(/-0 £ \ by the same 
double index (//, s). (To each £ £ (Tjg \ corresponds only one, up to 
proportionality, generalized eigenfunction.) Thus, the eigenfunction of 
$E which corresponds to the eigenvalue £s (/i) G (Ty^ \ is denoted by 
u s (., n): 

JeU s (-, /i) =Ca(li)u s (., /i). 

The expressions for the eigenfunctions u s ( . , //) have a little bit dif- 
ferent forms depending on to which part either (J% or <7y of the 
spectrum (Ty E belongs the eigenvalue Cs(m)> that is on the sign s. 
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Let A C <7y E be an ^-admissible set, and < J > ^ E (A) be a corre- 
sponding spectral projector. According to Definitions 16.121 and 16. 7| 
the projector l Pj E (A) is an integral operator: 



pV B (A)x)(t) = J x(uj)Kj, jEiA) (uj,t)dco, 

R+ 

where the kernel of this operator is of the form 

K^ B(A) (t,u) = j k + (co,t ]fJl )£. (6.216) 

where 

k + (u,t^)=^*(u,fi)E + (p)^(t,ii). (6.217) 

Here ^ : (jj — > R + is a mapping inverse to the mapping £ + : 
M+ -> CT+ b , (|6.128ap . 

Analogously, if A C (7^ be an ^-admissible set, and 5 > j B (A) be 
a corresponding spectral projector, then the kernel Ky^. (A)(^ w ) oi 
the spectral projector < Pj E (A) is of the form 

K^ piA) (t,u)= [ k-{u,t;n)^, (6.218) 



2vr 



M6CL _11 (A) 



where 

(u, t; n) = ip*{uj, n)E- {p)if){t, fi) . (6.219) 

Here ^ : <7^ — > M+ is a mapping inverse to the mapping £_ : 
M+ -> CT~ b , (|6.128a|) . 

In general case, in which A may not be contained neither in 
not in CTj e , the kernel Ky 3 (A)(^) a; ) °f the spectral projector is of the 
form 

M ecV" 11 (A+) /,ed" 1] (A-) 

(6.220a) 

where 

A+ = A n CT+ b , A" = A n (7y E . (6.220b) 
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The representation (|6,22U|) can be presented in the "unified" form 

# %B (A)(*,w)= J2 [ (6-221) 

The matrix E + (fi), which is of rank one, admits the factorization 



1 



1 

/+-(/») 

L C+(m) J 



i 



C+(m) 



(6.222) 



(We take into account the equality f|6. 139p : C+(m) = / h(/ i )/n (/■*))■ 

Thus the "elementary kernel" k+(u,t; fx) is representable as the prod- 
uct 



k+(u],t;(i) = v + (u),n) u+(t,n) , 
where for < [i < oo 



u+(t,fx) 



and 



1 
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1 



1 



/-+(M) 



C+0-0 



V> + (t, /i) 

/i) 



A*) 

V>-(t, //) 



(6.223) 



(6.224) 



(6.225) 



The matrix E_([i), which is of rank one, admits the factorization 

1 



/+-(M) 



i 



/-+(/*) 



.226) 



(Now we use the equality (|6.139|) : C-(m) = / [-(aO/h (aO)- Thus the 

'elementary kernel" k-(u),t;fj,) is representable as the product 



(w, i; n) = V- (u), fi) U- (t, fx) , 

where for < /i < oo 



1 



/-+(M) 

C-(aO 



1p+{t, fi) 
1fj-(t, fl) 



(6.227) 



(6.228) 
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and 



V2 



C-(aO 



(6.229) 



The general ideology, |Povl| . |Pov2| . |Mau| . says. If the kernel 
Krp^ (A)(^ w ) of the spectral projector Tj- B (A) is representable as the 
integral of the elementary kernels k±{uj, t; fj,) of the form (|6.223p - (|6.227|) . 
then the functions u+(t,fi), [/,) are the generalized eigenfunction 

of the operator 3^, and the function i> + (i,/u), V-(t, //) are the gener- 
alized eigenfunction of the operator 3* E . 

The fact that the function u + (t,fi), U—(t,fJ,) are eigenfunctions of 
the operator 3^: 



3eU- ( . , /x) = C- (A*)«- (•)/*), 



(6.230a) 
(6.230b) 



can be confirmed by the direct calculation. Performing this direct 
calculation, we first of all interpret the operator 3~£ as an integral 
operator: 

(? E x)(t)= J x(oj)K^ E (oj,t)duj, (6.231) 

wS(0,oo) 

where the kernel Ky E (w, i) is of the form 



dhJ 



P(u,n))F(jj)1,(t,iJ.)—. 



For example, to obtain (I6.230a|) . we substitute the expression 

f-+W 



(6.232) 



U+(U},(J,) 



1 



C+0«) J 



as x(w) into (|6.23ip . where Kg? E (cu,t) is represented by the integral 
(I6.232p . Then we change the order of integration. We get 



^e(o,oo) we(o,oo) 
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Then we use the identity (|6,36|) : 



fJ-)ip* (oj, fjL ) = 2-7T — /i )/ 



(0,00) 

and the fact that vector-row 
matrix F([a): 



/-+(m) 



1 



C+(m) 



F(n) = C+(M) 



1 



is an eigenvector of the 

C+(aO . 



In the same way that we obtained the equalities (|6.230[) we can obtain 
the equalities 



S%v-(.,fi) = C-(/x)u_(.,/i)^ 



(6.233a) 
(6.233b) 



Remark 6.12. The equalities (|6.230p . (|6.233p means that the func- 
tions u+(t,/j,), U-(t,fi) are eigenj "unctions of the operator "Je, and 
the functions v+(t,fj,), v_(t,fi) are eigenj 'unctions of the operator J* E . 
These eigenf unctions are generalized: they do not belong to L 2 (IR_|_). 
Deriving the equalities (|6.23U|) . (|6.233p . we performed formal manipu- 
lations. These manipulations can be justified using the regularization 
procedure. 

Remark 6.13. For fj, > 0, the eigenf unctions u + (t,fi) and U-(t,fj,), 
corresponding to the eigenvalues C+(m) an d C-(a*) respectively: 



,(t^) = 2- 1 / 2 t- 1 / 2 (t^ + ^±^t- 

.(t, M ) = 2- 1 /2 i -l/2^_^l+0f) t - 



(6.234) 
(6.235) 

\ SAW / 

oscillate. 

The eigenfunction u + (t, 0), corresponding to the eigenvalue C+(0) = 

u + (t,0) = 2 1,2 r 1/2 . (6.236) 
This function do not oscillate. 
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The function u_(i,0) vanishes identically: u-(t,0) = 0. The eigen- 
function corresponding to the eigenvalue C-(0) = — ~^2 e% ' K ^> can ^ e 
obtained as 



d 



1 



7T 



—u_(t,^ =0 = 2 1 /2 i t- 1 / 2 ^lni- ^'(1/2) -ijj . (6.237) 
This function also do not oscillate. 

8. Let us consider the orthogonality properties of the generalized 
eigenfunction of the operator 3~£. This consideration is based on the 
equality (I6.36p . 

Let < //, n" < oo. From (16.2241) and ([6T36]) it follows that 



u + (t, fjf) u + (t, ji") dt 



te(o,oo) 



/-+(/*') 



/-+(//') 

C+(m") 



<S(a*'-a*") 



Taking into account the equalities (I6.139P and f|6.58j> . we obtain that 
j u + (t,n')u + (t,n")dt = \{± + e"' w ) S(jJ - n") . 



te(o,oo) 
In the same way 



u_ (t, //) u_ (t, //') tft = I (1 + e^) <5(// - fi") . 



te(o,oo) 



and 



u+(t, //) u_ (t, m") dt = \ (1 - e"'*) <5(// - m") 



ts(0,oo) 

These orthogonality relations for the eigenfunctions u s (t,fj,) of the op- 
erator can be uniformly presented as 



u s i (t, fjf) u s n (i, /i") (it 



te(o,oo) 



V /x' , n" € (0, oo), V s', s" G {+, -} . (6.23£ 
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Analogously, orthogonality relations for the eigenfunctions v s (t, /J,) of 
the adjoint operator 3% can be uniformly presented as 



v s i(t,n')v s "(t,fi") dt = 
te(o,oo) 

= \ (l + (-l)s'+*V^")/ 2 -) - M ") , 

V // , // G (0, oo), V s , s" G {+, -} . (6.239) 

Finally, the biorthogonality relations between the the eigenfunctions 
u s (t, fj,) of the operator 3~e and the eigenfunctions v s (t, fj,) of the adjoint 
operator are: 



u s i (t, //) v s ii (t, fx") dt = 
te(o,oo) 

= \ (l + (-l) s '+ s "e^")/ 2 -) «5(// -//'), 

V //, fj," G (0,oo), V a', s" G {+,-}. (6.240) 

So, if (//, s') (fj,",s"), then the functions u s '(t,fjf) and v s n(t,fj,") are 
orthogonal. 

Let us calculate the "angle" between the generalized eigenfunctions 
u s '(t,/jf) and u s i,(t, //'). We recall that if x and y be non-zero vectors 
of some Hilbert space .fj, then the angle #(x, y) between x and y is the 
unique 6 G [0,7r/2] such that 

2 n \( x ■> V)\ 2 fa oa-i\ 

cos a = 7—. r- • (6.241) 

(x, x)(y, y) 

Of course, the eigenfunctions u s (fi) do not belong to the Hilbert space 
L 2 (0, oo). We calculate the angle formally, interpreting ratios of 5- 
functions correspondently. 

So, let us calculate the angle 

6(u s >(.,ij!),u s h(.,ij,")) 

between x = u s r( . , fi') and y = u s n( . , fi" ). 

First we consider the case s' = s"(= s). According to (|6.238D . 

\(^y)\ = \(l + e^' + ^ /2 ) <5(//-//), 
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and 



( x , x > = i (l + e"'*) 5(0), ( y , y ) = i (l + e""*) 5(0) . 

Thus, for (x = ii s ( . , //), y = u s ( . , //' ) the ratio in (|6.24ip is: 

|(x,y)| 2 _ cosh 2 ^> * 2 (/z'-/*") 
{x,x)(y,y) C o S h^.cosh^ <5 2 (0) 

Interpreting the ratio — ^"27qT~ " as zero ^ /U ' ^ anc ^ as one 
fj! = /J,", we deduce that for every s = db and for every //, /i" £ (0, oo), 

f 1 if // = // , 

0(u.(.,n'), u a (.,fi") = ^ (6.242) 



cos 2 



if n' £ n" . 



Now we consider the case s' ^ s" , say s' = s, s" = —s, where s 
either plus, or minus. According to ([6.2380 . 



is 



\(x,y)\ = (e^"^-l) Stf-lS), 



and 



(x,x) = {l + e^)s(0), (y,y) = (l + e^)s(0). 

Thus, for (x = u s ( . , //), y = u_ s ( .,//") the ratio in (|6.24ip is: 

|(x,y)| 2 sinh 2 ^> *V-/i") 

(x,x)(y,y) C o S h^.cosh^' «5 2 (0) 

As before, interpreting the ratio 6 2 (0) aS Z6r ° ^ ^ ^ ^" ' 

as one if fjf = //', we deduce that for for every //, [/," E (0, oo), 

tanh 2 if fj! = fj," = fj, , 



cos 2 9(u + ( . ,//) , u_ (.,//')) 



if // / //' . 

(6.243) 



In particular, whatever [i £ (0, oo), the eigenfunction u+ (.,//) and 
U-(. ,fJ,) are not orthogonal which each other. In more detail, 

sin 2 0(u+( .,n),u-(.,n)) = -27^ • 

cosh 



2 
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Taking into account the equality (|6,128|) . we can express the angle 
9{u + { . , (j,) , U-{ . , /i) between eigenfunctions u + (t, fi) and U- (t, fi) in 
terms of the eigenvalues C+(^) = C- (/•*)> C-(^) = ~C(m) : 

sm9{u + (.,fj,),u-(.,fj,))= 2|C( ^ )|2 , (6.244) 

Remark 6.14. If C is a contractive operator in a Hilbert space fj 
and ei, e2 are its eigenvectors corresponding to the eigenvalues £1, £2 
respectively, then the angle 6(e\, e 2 ) between the eigenvectors e\ and 
e2 admits the estimate from below: 

sin0(ei, e 2 ) > V±zSA . (6.245) 
|1 ~ C1C2I 

This estimate is precise: given a numbers Ci) C2 : |Ci| < 1> IC2I < l|i 
there exists a contraction C in a Hilbert space such that the numbers 
Ci, C2 are eigenvalues of C and for the angle between the appropriate 
eigenvectors the equality holds in (|6.245|) . 

In particular, if £1 = £ and £2 = — C, where |£| < 1, then the 
inequality (|6.245[) takes the form 



gjCj 
i + ICI 1 



sing(ei, e 2 ) > - 2 ■ (6.246) 



The eigenfunctions u+( . , fj,), . , fj,) of the contractive operator ^e, 
corresponding to the eigenvalues C(a*) an d ~C(^): are generalized eigen- 
functions rather than "conventional" one. Nevertheless, since 

2KI >M*. (6-247) 



V1 + 2ICI 2 1 + Kl ! 

the "angle" 9{u + { . , fi) , U-( . , fj,) ) between these generalized eigen- 
function, which expressed by the equality (j6.244j) . satisfy the estimate 
(16346]) : 

2|CI 
l + ICI 2 

Moreover, the estimate (|6.248[) is almost precise for small £. The 
difference between the left- and the right hand sides in (|6.248[) is very 
small for small £: 



siufl(tt f (.,/i) |0 _(.,/i))> r ^ j 3. (6.248) 



< sin ..//). »_(..//) ) - j^rMp < IC(M)| 5 , V/i£ (0,oo). 

(6.249) 
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Of course the inequality (|6.248|) for the angle between the general- 
ized eigenfunctions u + ( . , /z) , u_ ( . , fi) of the operator is a track 
of the appropriate inequality (??) for the angle between eigenvectors 
(conventional) of the 2x2 matrix F(/j,). 

9. Let us justify the equality (|6.244p for the angle between the gen- 
eralized eigenfunctions u+( .,fi),U-(., fi). We interpret this angle 
as an angle between (conventional) subspaces of the Hilbert space 
fj = L 2 (0,oo). We choose these subspaces in such a way that the pair 
u + { . , n) . , fi) of generalized functions appear as the weak lim- 
its of sequences of pairs of conventional functions on which the angle 
between the subspaces is asymptotically attained. 

Definition 6.19. Let fj be a Hilbert space, and 9J1 and 91 be subspaces 
off), Tl ^ {0}, 91 / {0}. The angle 0(9Jt, 91) is defined as 

9(m, 9?) = inf0(m, n) , (6.250) 

where m, n are non-zero vectors, m € 50t and n G 91, 0(m, n) is the 
angle between m and n, and inf is taken over all non-zero m G 9Jt ; 
n G 91. /n oi/ier words, 

< 0(OJt, 01) < vr/2, cos 2 0(9Jl, 91) = sup . n ^ 

(m, m) (n, n) 

and sup is taken over all non-zero m G 9J1, n G 01. 
( Without loss of generality the inf may be taken only over all normal- 
ized vectors m and n: that is ||m|| = 1, ||n|| = 1.) 

Remark 6.15. If the subspaces 9J1 and 91 have non-trivial intersection, 
that is mn 0T / {0}, where {0} i/ie .zero vector, then 0(931, 91) = 0. 
// the subspaces 9J1 and 91 are closed, at least one of them is of finite 
dimension: min (dim(9Jl), dim(Ol)) < oo and these subspaces have 
the trivial intersection: 9J1 n 01 = {0}, then 0(9Jt, 91) > 0. However, 
if both the subspaces 9J1 and 01 are infinite-dimensional, then it may 
happen that 9J1 is closed, 01 is closed, 9J1 n 01 = {0}, but nevertheless 
0(931, 01) = 0: the inf in (I6.250P equals zero, but there is no non-zero 
vectors m, n on which the inf is attained. 

Definition 6.20. 7/9J1 and 91 be subspaces of Sj (closed or not), then 
we can consider their sum 9J1 + 91. // moreover the intersection of 
these subspaces is trivial: OJlnOl = {0}, then the sum 9J1 + 91 is direct: 
9J1 + 01 = 9Jl-i-01: every vector y G 9J1 + 01 has unique representation of 
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the form p = m + n, where m G 9J1, n G 91. In this case, two projector 
operators are defined: PgjtllST and P<n\\w' 

P<m\\m ■ W + W -> SDt, : + 91 -> 91, 

for y = m + n, where m G 9J1, n G 91, Pgjt||<n y = m, Pfjrt||m ? = n • 

(6.251) 

TTie operators P<jji\\<n an d Pyt\\m> which are projector operators, are said 
to be the projector onto 9J1 parallel to 91 and the projector onto 91 
parallel to 9J1 respectively. 

Lemma 6.17. Let 9J1 and 91 be subspaces of a Hilbert space $), and 
9J1H 91 = {0}. Then the angle #(9J1, 91) and the norm of the projector 
Pimm are related by the equality 

1 \\ p m\n\\ • ( 6 - 252 ) 



sm6(Wl, 91) 

This lemma is a standard fact of the geometry of Hilbert space. 

In what follows we use the following terminology: two subspaces, 
say R and £, of a Hilbert space $) are orthogonal if the scalar product 
( £ , [) ~0 for every t G .ft , I G £. We denote that the subspaces & and 
£ are orthogonal by £_L£. 

Lemma 6.18. Lei 9Jli, 9Jt 2 , 91i, 912, be subspaces of a Hilbert space 
Sj, and 9Jli 7^ {0}, 91 1 7^ {0}. Assume that the orthogonality condition 

(M 2 + 91 2 ) 1 (Mi + 91i) (6.253) 

is satisfied. Then 

1. J/ajfe + {0}, 91 2 / 0, the angle 0(9Jti © 9J1 2 , 91i © 91 2 ) between 
the subspaces 9Jli © 9J1 2 and 91i © 91 2 is: 

0(9Jliffi9Jl 2 , 91i©91i) = min (0(9%, 91i) , 0(9Jt 2 , 91 2 )) . (6.254) 

In particular, if 9J1 2 _L 91 2 = ; then 

0(9Jti©97t 2 , 91i©91 2 ) = 0(9%, 91i) . (6.255) 

2. If one of the subspaces 9J1 2 , 91 2 is trivial, that is either 9J1 2 = {0}, 
or 91 2 = {0}, i/ien the equality (I6.255P ZioZds as well. (In this 
case, the angle 0(9Jt 2 , 91 2 ) is nof defined.) 



71 



Proof. Let mi G Wli, m 2 G 9JT2, ni G OTi, 1x2 G 5^2, and m = mi + m2, 
n = n\ + n 2 . Due to the conditions (|6.253p . 

(m, n) = (mi , ni ) + (m 2 , n 2 ) , (6.256a) 
|| m || 2 = || mi || 2 + ||m 2 || 2 , ||n|| 2 = ||m|| 2 + ||n 2 || 2 . (6.256b) 

Since | ( vcij , rij ) | < cos 0(Tlj, ^lj)\\vaj\\ ||%||, j = 1, 2, the inequality 

|(m, n)| < 008 0(9311, Oli) ||mi|| ||m|| + cos6(WX 2 , 9Ta)||tii2|| ||n 2 || , 

holds. Hence, the inequality 

|(m, n)| 2 < cos 2 (min(0(9Jti, 0?i), 0(9Jt 2) QTa)) • 

•(||mi|| 2 + ||m2|| 2 )-(||mi|| 2 + ||m 2 || 2 ) 

holds. According to (I6.256b[) . this inequality takes the form 

|(m, n)| 2 < cos 2 (min(0(2tti, 0?i), 0(9tt 2 , 0t 2 )) • I |m 1 1 2 • ||n|| 2 , 

that is 

cos 2 0(m, n) < cos 2 (min(0(9Jti, 9ti), 8{TX 2 , 0T 2 )) 
for every non-zero m G n G 91. Thus, 

cos 2 9(Tl, 9?) < cos 2 (min(e(*Dti, 0(0Jt 2 , 9t 2 )), 

or 

6>(SCTt, OT) > min (0(SDTi, 9?i), 9(Wl 2 , 0T 2 )) . 

The inverse inequality is evident. 

This reasoning is also applicable if either 9Jt 2 = {0}, or Vl 2 = {0}. 

□ 

We apply Lemma 16.181 to study the angles between the spectral 
subspaces T-L^ E (A). (See Definitions 16 . 1 71 and 16 . 1 81 ) 

Lemma 6.19. Let A, A C (7j E , be an admissible set which is asym- 
metric, that is A n (— A) = e . 
Then 

sin0(H jB (A), H? E (-A)) = 2d , where d = ess dist (A , 0). 

V 1 + 2cr 

(6.257) 
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Remark 6.16. 7/mes (An(— A)) 7^ 0, then the subspaces T~L^ E (A) and 
%y E {—A) have non-trivial intersection: %y E {A) H'Hy B (— A) ^ {0}, 
thus0(H? E (A),H? E (-A)) = O. 

Proof of Lemma \6.19l In view of (I6.190P and (|6.189p , the spectral pro- 
jector IPy (A), defined on the whole space L 2 (M + ), is the projector 
onto the subspace T~ly E (A) parallel to the subspace ~H^ E ((Jgr E \ A). 
According to Lemma 16.171 

sin0(?^(A) , H? E ((J? E \ A)) = p? E {A)\\- 1 . 

From the other hand, according to Lemma 16.121 statement 2, 



Thus, 

sme(Hj E (A) , Uj e {g 7e \ A)) = ^==p • 
We apply now Lemma 16.181 to prove that 

9(H? E (A) , nj E (-A)) = 0{H? E {A) , U 7e {Oj e \ A)) . (6.258) 
We set 

<m 1 =n? E (A), vi 1 = h< Fb {-&), 

Tl 2 = {0}, K 2 = Hj E (a? E \(Au(-A))). 

The sets A U (—A) and CT$ E \ (A U (—A))) are symmetric and do not 
intersect. According to Theorem 16.121 the subspace 91 2 is orthogonal 
to the subspace SDTi + 91 1 . By Lemma I6.18[ 

e(H? E (A),H? E (-A)) = 

= e(n 7E (A) , u? E {-A)@u? E {(j ?E \ (au(-a))) 

From the other hand, since (-A) U (<J$ E \ (A U (-A))) = Oy E \ A, 

U? E {-A) © H? b {<t<f b \ (Au(-A))) = U? e {(J 7e \ A) . 
So, the equality (|6.258p holds. □ 
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Theorem 6.15. Let A\, A 2 , Ai C (Jj E , A2 C (Jj E , be admissible 
sets, and 

Ai n A 2 = e . (6.259) 

Let 

A = Ai n (-A 2 ) . (6.260) 

1. If A = e , then the spectral subspaces T~Lj E (Ai) and %y B (A 2 ) 
are mutually orthogonal: i.e. 

sin0(?^(Ai),?^(A 2 )) = l. 

2. // A / e , i/ien i/ie spectral subspaces 7i'j E (Ai) and %y B (A 2 ) 
are not orthogonal, and 

siu6{ny E {A 1 ),Wj E {A 2 )) = 2d where d=ess dist(A, 0) . 

V 1 + 2ar 

In particular, if the condition (|6. 259|) holds and either A\ C (7^, 
A 2 C or Ai C (J^, A 2 C (T^, then the subspaces %j B (Ai) 

and / Hj E (A 2 ) are mutually orthogonal. 

Proof of Theorem \6.15[ The proof is based on Theorem 16.121 and on 
Lemmas I6.18[ 16.191 Let us set 

A« = Ai \ A, A? = A 2 \ (-A) . 

Keeping in mind to use Lemma [6.181 we denote 

mi=n<r B (A), Vl 1 ='H<r B (-A), 

wx 2 = n? E (A i ; ) ), vx 2 = n? E (A 2 r) ). 

It is clear that A Pi A^ = 0- Moreover, using (j6.260[) . we see that 

(-A) n AS r) = (-A x ) n A 2 n (Ai \ A) c a 1 n A 2 = e . 

Thus, 

(A u (-A)) n A { [ ] = e , (A u (-A)) n (-AP) = e . 

By Theorem ETT51 (£0li + 9?i)_L£!Jt 2 . Analogously, (SJti + 0Ti)_L9? 2 . 
Thus the condition (I6.253P holds. 
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Let us show that 9JT 2 _L9T 2 . Since A ( {> C Ai, Ay C A 2 , and 
HUM) , we have A[ r) n A 2 r) = e . Since A[ r) C A x and -A 2 r) = 
(-A 2 ) \ Ai, we have A^ r) n (-A£ p) ) = e . Thus, 

A< r > n (A 2 r) U (-A 2 r) )) = e , -A< r } n (A 2 r) U (-A 2 r) )) = e . 

By Theorem (^712]) . VJl 2 ±m 2 . 
By Lemma 16.181 

0(2Ri, oil) = ^(ajii e 9jt 2 , ^ e or 2 ) . 

Since A U (A^) = A x , then SDti © 90T 2 = Hy B (Ai). Analogously, 
9Tie^2 = H? E {A 2 ). Thus, 

fl^CAO , «<r B (A 2 )) = 0(?^(A) , «<f b (-A)). (6.261) 

The angle in the right hand side of the last equality was calculated in 
Lemma 16.191 □ 

Lemma 6.20. Let A, A C (7j E , be an admissible set which is asym- 
metric, that is A n (—A) = e . For e > 0, set 

A £ = An{z eC: \z\ < d+e} , (-A) e = {-A)C\{z eC: \z\< d+e} , 

(6.262) 

where d is the same that in (|6.25T|) . 
Then for arbitrary e > 0, 

9(-H 7e ( A e ) , ^ B ((- A) e ) = 9(n 7E (A) , Wy B (- A) , (6.263) 

In other words, only the arbitrary small 'partial' subspaces %g~ B (A e ) 
andT-Lj E {{—A) £ ) are responsible for the angle between the 'whole' sub- 
spaces %y E {A) and'H'j E {—A) rather the 'whole' subspaces themselves. 

Proof. The proof is based on Theorem 16. 121 and on Lemmas 16. 181 l67l9l 
Let us set 

<m 1 = n? E (A e ) , ni = Hj e ((-a) £ ) , 

Wl 2 = U? E {A \ A £ ), m 2 = U? E {{-A) \ (-A) e ) . 

We assume that A\ A £ ^ e , in other case the assertion of Lemma [6. 201 
is evident. By Lemma l6,19| 

sin6»(9}ti , OIi) < sin0(9Jt 2 , %l 2 ). (6.264) 
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Indeed, d\ < d 2 , where d\ ==essdist (A £ , 0), d 2 = essdist (A \ A e , 0). 
(d\ is the same, that d. Actually, d\ + e < d 2 .) According to 
Lemma EH sin 0(0% , (Kj) = 2dl sin 9{Ti 2 , Ofe) - — — 



Since dl < / 2 if di < d 2 , the inequality (|6.264|) holds. 

To apply LemmaETHl we have to check that (9JTi+9Ti)_L(mt 2 + D? 2 ). 
This follows from Theorem 16.121 if we check that 

(A e U(-A e ))n(A\A e ) =0 e . 

This is true: the equality A e n (A \ A e J = e is evident, the equality 
(-Ae) n ( A \ A £ ) = e holds since (— A e ) n (A \ A e ) C (-A) n A. □ 

The following result supplements Lemma [6.201 

Theorem 6.16. Let A, AC be an admissible set which is asym- 

metric, that is An (-A) = e . Let {x n }i< n<00 , {y n }i< n <oo be se- 
quences of vectors on which the angle 9{T-Ly E {A) , 7ij E (—A)^ between 
the spectral subspaces T~Lj E (A) andT-Ly E (—A) is attained, that is 

x n G H? E (A), x n / 0, y n G H? B (-A), x n ^ for every n , 

and 

lim cos/9(x n , y n ) = cos 6 (rlj- E (A), Hs B (-A)) . 

n— >oo 

For e > 0, let A = Ai(e) U A 2 (e) 6e t/ie partition of the set A, where 
Ai(e) = An (z G C : |z| < d + e), A 2 (e) = A n (z G C : z| > d + e), 
d = ess dist (A, 0), and 

x n = x n l) {e) e 4 2) (e), yn = e y n 2 \e) 

be the corresponding decompositions of the vectors x n and y n : 
x® G H^A^e)), y«) G ^(-A^e)), j = 1, 2. 
T/ien for every fixed e > 0, 

n^oo UCn n— s>oo ?/n 

/n oi/ier words, the spectra of the vectors x n and y n are concentrating 
towards the two-point set { — de l7r//4 , de i7r//4 } as n —> oo. 
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Proof. The reasoning used in the proof of Lemma [6,201 showns that 
(^ B (Ai(e)) +^(-A x ( £ ))) 1 (7£^(A 2 (e)) +^ B (-A 2 (e))) . 
Therefore 

(xn , y„> = (4 1} (e) , (e)> + <4 2) (e) , 2/i 2) (e)> , (6-265a) 
(x„ , x B ) = <xW(e) , s«(e)) + , 4%)> , (6.265b) 

(2/n , Vn) = (v£\e) , yW(e)) + (^(e) , y( 2 )(e)> . (6.265c) 

From (I6.265ap it follows that 

\{x n ,y n )\ < \(x£\e),yP(e))\ + \(xW(e),yW(e))\, 

thus 

\(x n , Vn)\ < cos^! • ||s«( e )|| • ||yW( £ )|| + cos0 2 • ||4%)|| • || y (%)|| , 

(6.266) 

where 

0, = e{n^j{e)) , H? E (A 3 (-e))) , j = 1,2. 
Using the Cauchy inequality, we derive from (|6.266|) that 

l(^,2/n)| 2 / / fl ll^^ll 2 , ||*S°(e)|| 2 



I *^ti 1 1 2 1 1 Vn 1 1 2 V II Xn ' ' 2 



£ ( COS 6\ — n ^ h COS 02 

\\y { n\e)\\ 2 , 11^' 2 * 



cosei ^y^ + cose2 ^y^) 



Since < essdist (Ai(e, 0)) = d < d + e < ess dist (A 2 (e, 0)), the 
sirici inequality 

cos 0i > cos 2 (6.267) 
holds. From (16.2671) and (I6.265cl) it follows that 

rrrP \\y ( n\e)\\ 2 , fl ll^ 2) (g)H 2 < fl 

COS 01 ij h COS 2 1| 1|2 < cos ^1) 

1 1 2/n 1 1 1 1 Vn 1 1 

thus the inequality 

< cos 0i ( cos X — ^ — ^ 1" cos ^2 — n — no — ) 



\Xn || 2 1 1 2/n II 2 V 1 1 -En 
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holds. If the condition lim n 11 ? y" = is violated, then for some 

\\ x n || 

a, < a < 1, and for infinitely many n, the inequality 

l^fjl > a (6.268) 

holds. Passing to subsequence, we assume that the last inequality holds 
for all n. From (I6.267|) it follows that the function (1— t) cos 6\+t cos 62 
decreases in t. From (I6.265bp and (|6.268p it follows that 

llr (1) Onl 2 IIt (2) !VhI 2 
cosfli 11 + cosfl 2 11 < (l-a)cos0i + acos0 2 . 



Therefore the inequality 

\(x n , Vn)? 



l II— I I ') / || — 

I -''nil lli/nll 



< cos 9\ ■ ((1 — a) cos 8\ + a cos #2) 



holds for all n. 

Taking into account that lim n _ >00 — " ' ^ n ^ ll9 = cos 2 #1 , we con- 

1 1 -^nll Him 1 1 

elude that the inequality 

cos 6*i < (1 — a) cos 8\ + a cos #2 ■ 
holds for some a, < a < 1. However, this inequality contradicts 

I, (2), .,, 

the strict inequality (|6.267p . So we proved that liim^oo y = 0. 
Analogously, Hindoo =0. □ 
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